TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 347, Number 11, November 1995
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ABSTRACT. In his famous paper on modular equations and approximations to
7 , Ramanujan offers several series representations for 1/n, which he claims
are derived from “corresponding theories” in which the classical base g is
replaced by one of three other bases. The formulas for 1/n were only recently
proved by J. M. and P. B. Borwein in 1987, but these “corresponding theories”
have never been heretofore developed. However, on six pages of his notebooks,
Ramanujan gives approximately 50 results without proofs in these theories. The
purpose of this paper is to prove all of these claims, and several further results
are established as well.

1. INTRODUCTION

In his famous paper [33], [36, pp. 23-39], Ramanujan offers several beautiful
series representations for 1/n. He first states three formulas, one of which is

4_ 5@t iy,

T (n!)34n

where (a)o =1 and, for each positive integer n,
(@p=a(a+1)a+2)---(a+n-1).

He then remarks that “There are corresponding theories in which ¢ is replaced
by one or other of the functions

g, = exp (—1:\/5]('{ /Kl) , g> = exp (——27:K§/(K2\/§)) , and
g3 = exp (—2nK3/K3) ,

where
1 3. . L2
Kl"ZFl(Z?Zyl,k),
1 2 .12
K2—2Fl(§"§91ak)’
and
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15
K3 = 1F (g, g; l;kz)-”

Here K} = Kj(k'), where 1 <j<3, k'=vV1-k?, and 0<k < 1; k is
called the modulus. In the classical theory, the hypergeometric functions above
are replaced by ,Fi(1, §; 1; k%). Ramanujan then offers 16 further formulas
for 1/m that arise from these alternative theories, but he provides no details
for his proofs. In an appendix at the end of Ramanujan’s Collected Papers,
[36, p. 336], the editors, quoting L.J. Mordell, lament “It is unfortunate that
Ramanujan has not developed in detail the corresponding theories referred to
in §14.”

Ramanujan’s formulas for 1/n were not established until 1987, when they
were first proved by J.M. and P.B. Borwein [13], [14], [12, pp. 177-188]. To
prove these formulas, they needed to develop only a very small portion of
the “corresponding theories” to which Ramanujan alluded. In particular, the
main ingredients in their work are Clausen’s formula and identities relating
2Fi (5, 33 15 x) , toeachof the functions ,F| (5, 3;1;x) ,2F (3, 3; 15 x),
and ,F (3, 2;1; x). The Borweins [15], [17], further developed their ideas
by deriving several additional formulas for 1/7. Ramanujan’s ideas were also
greatly extended by D.V. and G.V. Chudnovsky [20] who showed that other
transcendental constants could be represented by similar series and that an in-
finite class of such formulas existed.

Ramanujan’s “corresponding theories” have not been heretofore developed.
Initial steps were taken by K. Venkatachaliengar [41, pp. 89-95] who examined
some of the entries in Ramanujan’s notebooks [35] devoted to his alternative
theories.

The greatest advances toward establishing Ramanujan’s theories have been
made by J.M. and P.B. Borwein [16]. In searching for analogues of the clas-
sical arithmetic-geometric mean of Gauss, they discovered an elegant cubic
analogue. Playing a central role in their work is a cubic transformation formula
for ,F; (3, 3;1;x), which, in fact, is found on page 258 of Ramanujan’s
second notebook [35], and which was rediscovered by the Borweins. A third
major discovery by the Borweins is a beautiful and surprising cubic analogue of
a famous theta-function identity of Jacobi for fourth powers. We shall describe
these findings in more detail in the sequel.

As alluded in the foregoing paragraphs, Ramanujan had recorded some results
in his three alternative theories in his second notebook [35]. In fact, six pages,
pp. 257-262, are devoted to these theories. These are the first six pages in the
100 unorganized pages of material that immediately follow the 21 organized
chapters in the second notebook. Our objective in this paper is to establish all
of these claims. In proving these results, it is very clear to us that Ramanujan
had established further results that he unfortunately did not record either in his
notebooks and other unpublished papers or in his published papers. Moreover,
Ramanujan’s work points the way to many additional theorems in these theories,
and we hope that others will continue to develop Ramanujan’s beautiful ideas.

The most important of the three alternative theories is the one arising from
the hypergeometric function ,F; (3, %; 1; x). The theories in the remaining
two cases are more easily extracted from the classical theory and so are of less
interest.
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We first review the terminology in the relevant classical theory of elliptic
functions, which, for example, can be found in Whittaker and Watson’s text
[42]. However, since we utilize many results in the classical theory that were
initially found and recorded by Ramanujan in his notebooks [35], we employ
much of his notation.

The complete elliptic integral of the first kind K = K (k) associated with the
modulus k,0< k < 1, is defined by

1.1 K = / F( 01 k2)
(D V1 k2s1n 221 2’2

where the latter representation is achieved by expanding the integrand in a
binomial series and integrating termwise. For brevity, Ramanujan sets

2 1
(1.2) z:=~K=F (2 35 1 k2)
The base (or nome) g is defined by
(1.3) g :=e "K'k

where K’ = K(k'). Ramanujan sets x (or a) = k2.

Let n denote a fixed positive integer, and suppose that
G B 1K) R (345 151-0)

2F1(2,2,1,k) 2Fi (3, 4515 02)
where 0 < k, £ < 1. Then a modular equation of degree n is a relation between
the moduli k& and ¢ which is implied by (1.4). Following Ramanujan, we put
a=k? and B =¢% We often say that § has degree n, or degree n over a.
The multiplier m is defined by
m = 2F] (2 s '%‘ s 1 )

ZFl (2 ) 1; ﬂ)

We employ analogous notation for the three alternative systems. The classical

terminology described above is represented by the case r = 2 below. For
r=2,3,4,6 and O<x <1, set

(1.4)

(1.5)

(1.6) z(r):=z(r; x) := F, (%, r_;_l; l;x)

and

ar = q,(x) :=exp (—n csc(m/r) il

In particular,

2n2F (3,311 -x)
1.7 =€ —— ,
(9 o "p( V3 R (L5 1)
Fl( 3. l'l—X)
1.8 = —nV2E e as o :
(1.8) g4 = exp( n F (L5 1)

and
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Fi(b,3:1;1-x)
1.9 gs = exp | —2n 216> 6 i
(2 ’ ( 2F1(6’6’1 x)

(We consider the notation (1.7)-(1.9) to be more natural than that of Ramanu-
jan quoted at the beginning of this paper.)
Let n denote a fixed natural number, and assume that
F, =L 1;1- F,=l1;1-
(110) n2 l( r a)_2 l(r 1 rr—'l ﬂ),
ZFl(a r’laa) ZFI(;,T»I;B)
where r = 2, 3,4, or 6. Then a modular equation of degree n is a relation
between o and B induced by (1.10). The multiplier m(r) is defined by

2 F % ; i a)
2Fi (7, —1 ;15 B)°
for r =2,3,4, or 6. When the context is clear, we omit the argument 7 in
4gr, z(r), and m(r).

In the sequel, we say that these theories are of signature 2, 3, 4, and 6,
respectively.

Theta-functions are at the focal point in Ramanujan’s theories. His general
theta—function f(a, b) is defined by

(1.11) m(r) =

fla, b) = Z a2 pnn=1/2 lab] < 1.
n=—oc
If we set a = qe??,b = ge~??, and q = €™, where z is an arbitrary
complex number and Im(z) > 0, then f(a, b) = ¥3(z, 7), in the classical
notation of Whittaker and Watson [42, p. 464]. In particular, we utilize three
special cases of f(a, b), namely,

(1.12) v(q):=f(q,9)= Z q"
(1.13) w(q) = flq,q%) = an(n+1)/2
n=0
and
(1.14) f(=q) = f(—q, —q2) — Z (_l)nqn(3n+l)/2 _ H(l g,
n=-0o0 n=1

where |g| < 1.
One of the fundamental results in the theory of elliptic functions is the in-
version formula [42, p. 500], [5, p. 101, eq. (6.4)]

1
(1.15) z= ,F (2 3+ 15 x) = p%(q).
We set
(1.16) zn = 9%(q"),
for each positive integer n, so that z; = z. Thus, by (1.5), (1.15), and (1.16),
2
(1.17) m=2_ 2 0)

zn  92(q")’
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In the sequel, unattended page numbers, particularly after the statements of
theorems, refer to the pagination of the Tata Institute’s publication of Ramanu-
jan’s second notebook [35]. We employ many results from Ramanujan’s second
notebook in our proofs, in particular, from Chapters 17, 19, 20, and 21. Proofs
of all of the theorems from Chapters 16-21 of Ramanujan’s second notebook
can be found in [5].

2. RAMANUJAN’S CUBIC TRANSFORMATION, THE BORWEINS’ CUBIC
THETA-FUNCTION IDENTITY, AND THE INVERSION FORMULA

In classical notation, the identity
83(q) = 83(q) + 93(9)

is Jacobi’s famous identity for fourth powers of theta—functions. In Ramanu-
jan’s notation (1.12) and (1.13), this identity has the form [35], [5, Chapter 16,
Entry 25(vii)]
2.1 0*(q) = 9*(—q) + 16qy*(¢?).
J.M. and P.B. Borwein [16] discovered an elegant cubic analogue which we now
relate. For w = exp(2ni/3), let

o0
(22) a(g):= 3 gmrm,
m,n=—0o0
(2'3) b(q) = Z wm—nqm2+mn+nz ’
m,n=—o00
and
o0
(2.4) c(q) = Z q(m+l/3)2+(m+l/3)(n+|/3)+(n+l/3)2'
m,n=—00
Then the Borweins [16] proved that
(2.5) a’(q) = b*(9) + (q).
They also established the alternative representations
0 g3+ gin+?
(2'6) a(q) =1+ 62 (1 — q3n+l - 1 - q3n+2
n=0
and
(2.7) a(q) = 9(9)9(a>) + 4qv (a*) w(¢°).

Formula (2.6) can also be found in one of Ramanujan’s letters to Hardy, written
from the nursing home, Fitzroy House [37, p. 93], and is proved by one of us
in [6]. The identity (2.7) is found on page 328 in the unorganized portions of
Ramanujan’s second notebook [35], [8, Chapter 25, Entry 27] and was proved
by one of us [5, Chapter 21, eq. (3.6)] in the course of proving some related
identities ir Section 3 of Chapter 21 in Ramanujan’s second notebook [35].
Furthermore, the Borweins [16] proved that

(2.8 b(a) = 5 {3a(a*) ~ a(a)}

and
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(29) (q) = 5 {ala}) - ala)}.

The Borweins’ proof of (2.5) employs the theory of modular forms on the
group generated by the transformations ¢ — 1/t and ¢ — ¢+ iv/3. Shortly
thereafter, J.M. Borwein, P.B. Borwein, and F. Garvan [18] gave a simpler,
more elementary proof that does not depend upon the theory of modular forms.
Although Ramanujan does not state (2.5) in his notebooks, we shall show that
(2.5) may be simply derived from results given by him in his notebooks. Our
proof also does not utilize the theory of modular forms.

We first establish parametric representations for a(q), b(g), and c(q).

Lemma 2.1. Let m = z;/z3, asin (1.17). Then

2 _
(210 alg) = vEHE LT3
@.11) blg) = vz B= MO =M
am}
and
(2.12) o(q) = yEE A Demt = 1Y

4m
Proof. From Entry 11(iii) of Chapter 17 in Ramanujan’s second notebook [35],
[5, p. 123],

213) @)= vEle/a)t and () = 5VEB/E)

where B has degree 3 over a. In proving Ramanujan’s modular equations of
degree 3 in Section 5 of Chapter 19 of Ramanujan’s second notebook, Berndt
[5, p. 233, eq. (5.2)] derived the parametric representations

g (M- 1)(3+m)?

(2.14) =
and
(2.15) B=(m—1)3(3+m)‘

16m
Thus, by (1.16), (2.7), (2.13), (2.14), and (2.15),

alg) = vz {1 + ()}

(m—1)(m+3) m?+6m—3

= Z|Z3{l+ am }=VZIZ3 am

and so (2.10) is established. (In fact, (2.10) is proved in [5, p. 462, eq. (3.5)].)
Next, from (2.7) and (2.8),

9 18
(2.16) 2b(9) = p(@)9(d?) (3%((%)—) - 1) 4y (@) () (1 -3 '/;/((‘22))>

3
_1) - dquiadwie®) (1 - X9 )
) qy(a°)v(q )( 0@

b

and, from (2.7) and (2.9),

ot
—

217) 2(q) = 0(@)0(d®) (‘”‘q

)

Q
w

~—
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By Entry 1(iii) of Chapter 20 [35], [5, p. 345], (1.16), and (1.17),

(@) @) N oo )
w1 () (3
and

L 3 !
em () (-

By Entry 1(ii) in Chapter 20 [35], [5, p. 345] and (2.13)-(2.15),
| @) (1- q2‘//4(¢16))%

w(g?) w4(q?)
2.20 .
( ) _—( _ié)j m%(3—m)§
S\ mla (m+3)3
and
e (v
(2.21) : aty(a®) (1 ‘12'/’4(‘16))
: % %
_(1_22) __,m+1)
= (1-3) Ym— b

Using (2.13) and (2.18)-(2.21) and then (2.14) and (2.15) in (2.16) and
(2.17), we deduce that, respectively,
% 2m§(3 bl m)% }

9 5
2b(‘1)=\/2123{<;1—2—1) - (aB) (m+3)’3’

{(9 —mA)}  (m—1)(m+3)2m33—m)} }
=4+Z2123 -

ms 4m (m+3)}
— — m?2
=\/2—15;(3 m)(9 — m?)}
2m}
and
26(4)=\/r23{(m2—1)%+(aﬂ)%w}
(m—-1)3
=2z (m2_1)§+(m—1)(m+3)(m+1)%
1 2m(m — 1)}
2 q\4
_ Janm ;Z(mﬂ)'

Hence, (2.11) and (2.12) have been established.

Theorem 2.2. The cubic theta-function identity (2.5) holds.
Proof. From (2.11) and (2.12),
3 3 __(2123)% 30 _ 2 30,2 _
b¥(a) +cX(a) = {m(3 m)3(9 — m?) + 27(m + 1)3(m 1)}
(2123)%

= 64m3 (m2+6m_3)3=a3(q)a

by (2.10). This completes the proof.
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Our next task is to state a generalization of Ramanujan’s beautiful cubic
transformation for 2F,(§ , %; 1; x). E. Goursat [29] derived several cubic trans-
formations for hypergeometric series, but Ramanujan’s cubic transformation
cannot be deduced from Goursat’s results.

Theorem 2.3. For |x| sufficiently small,

1 3¢c+1 1-x\°
2F‘<C’C+§’ 2 ’1”<1+2x))

1
= (1 +2x)% ,F, (c, c+ = ﬂ;ﬁ).
3 6
Proof. Using MAPLE, we have shown that both sides of (2.22) are solutions of
the differential equation

(2.22)

2x(1 = x)(1 + x4+ x3)(1 + 2x)%"
—(142x)[(4x3 = 1)(Bc+2x + 1) + 18cx]y’ — 6¢(3c + 1)(1 — x)%y = 0.
This equation has a regular singular point at x = 0, and the roots of the
associated indicial equation are 0 and (3¢ — 1)/2. Thus, in general, to verify
that (2.22) holds, we must show that the values at x = 0 of the functions and

their first derivatives on each side are equal. These values are easily seen to be
equal, and so the proof is complete.

Corollary 2.4 (p. 258). For |x| sufficiently small,

2 1-x\\ _ 12 .
,5,1,1—(1—_i_2;>)—(1+2X)2Fl<§,3,1,x>~

Proof. Set ¢ =% in Theorem 2.3.

W -

(2.23)  ,F (

The Borweins [16] deduced Corollary 2.4 in connection with their cubic ana-
logue of the arithmetic-geometric mean. Neither their proof nor our proof is
completely satisfactory, and it would be desirable to have a more natural proof.

Our next goal is to prove a cubic analogue of (1.15). We accomplish this
through a series of lemmas.

Lemma 2.5. If n = 3™, where m is a positive integer, then

L2 b))\ _ a) [ )
e A (530 o) = g (5050 - )

Proof. Replacing x by (1 —x)/(1+ 2x) in (2.23), we find that

12 3 . 3 12”1—x>3
(2:25) 3F‘(§’§""‘")‘1+2x2F‘<§’§’1’(1+2x '
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Setting x = b(q)/a(q) and employing (2.8) and (2.9), we deduce that
L2 _b@) __ 3a@) 1 2 (a@-ba)’
(3311 ) = s @) P (3’ 31 (e o) )

- g (320, (3))

a3 3 B
_ alg) 2 b
= 2 2F‘(3 30! 1‘a3(q3>)’

by Theorem 2.2. Iterating this identity m times, we complete the proof of
(2.24).

The next result is the Borweins’ [16] form of the cubic inversion formula.
Lemma 2.6. We have

3
(2.26) .Fy (3 i 1; EZ;) = a(q).

Proof. Letting m tend to oo in (2.24), noting that, by (2.2) (or (2.6)) and (2.3)
(or 2.8), respectively,

nlirgo a(@g"y=1= nlim b(q"),

and invoking Theorem 2.2, we deduce (2.26) at once.

Lemma 2.7. If n = 3™, where m is a positive integer, then

(227) m( 2 1.”3(‘”)= ald)  p (l Z.I-M).

3'3 a9 na(q") 373777 a(g)
Proof. By Theorem 2.2, (2.25) with x = c¢(q)/a(q), (2.8), and (2.9),
(2.28)
12 . P@) _ R A ()
2Fl(§a§317m)_2Fl(§’_3-,1’1_a3(q))

3a(q) 12 (a@=-c@ )\’
al@) + 2c(@) 2" (3’ 30 (o) )
_ 3a(a) 12 b
~agh " (3’ 30 a3(q§)>'

Replacing g by ¢ in (2.28), and then iterating the resulting equality a total
of m times, we deduce (2.27) to complete the proof.

Lemma 2.8. Let g3 be defined by (1.7), and put F(x) = q3. Let n = 3™,
where m is a positive integer. Then

s ()

and

@30 e (@) -+ (&)
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Proof. Dividing (2.24) by (2.27), we deduce that
12 b 12, bgn
A (33 amg) oA (35 )

a3
=n
1 (9) 12 b
2F1(3 3’1 ()) 2Fl(§,§,laa3(qn)
Multiplying both sides of (2.31) by —27/v/3 and then taking the exponential
of each side, we obtain (2.29).
Multiply both sides of (2.31) by —v/3/(2nn), take the reciprocal of each

side, use Theorem 2.2, and then take the exponential of each side. We then
arrive at (2.30).

(2.31)

We now establish another fundamental inversion formula.
Lemma 2.9. Let F be defined as in Lemma 2.8. Then

c3(q)>

F =

(03((1)

Proof. Letting n tend to co in (2.30) and employing Example 2 in Section 27
of Chapter 11 in Ramanujan’s second notebook [4, p. 81], we find that

F(540) -t (5105
im (o) (1430w )Y

=,,li_.nc}o((q"+“’)(l+g(‘1"+"')+"'))l/n

=4,
where in the penultimate line we used (2.6) and (2.9).
Theorem 2.10 (p. 258). Let F be defined as in Lemma 2.8. Then

(2.32) z:= ,F (% %; 1;X> = a(F(x)) = a(g3).
Proof. Let u = u(x) = b3(F(x))/a*(F(x)). Then by Lemma 2.6 and Theorem

2.2,
1 2
(2.33) a(F(x)) = 2F (3, =B u).
On the other hand, by Lemma 2.9,
F(1 —u) = F(x),
or
(2.34) 2Fi(3.3:15u) =2F|(%,1§;21;1—x).
2F1(33371,1_u) 2F1(§a§’19x)
By the monotonicity of »F (1, 3; 1; x) on (0,1), it follows that, for 0 < x <

1,

1 2 1 2
(2.35) zFl(g,g;l;l—u)=2Fl (3,5;1;x).
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(The argument is given in more complete detail in [5, p. 101] with
2Fi (3, %;1; x) replaced by »F; (3, 3; 1; x).) In conclusion, (2.32) now fol-
lows from (2.33) and (2.35).

Theorem 2.10 is an analogue of the classical theorem, (1.15). Our proof fol-
lowed along lines similar to those in Ramanujan’s development of the classical
theory, which is presented in [5, Chapter 17, Sections 3-6].

Corollary 2.11 (p. 258). If z is defined by (2.32) and qs is defined by (1.7),
then

— X3(n)ng}

2 _
(2.36) zi=1+412 ey

b

n=1
where x3 denotes the principal character modulo 3.
Proof. In [5, p. 460, Entry 3(i)], it is shown that

> pgt X ng3n
(2.37) t+123) 363 T = a(g),
n=1 q n=1 q

Since here ¢ is arbitrary, we may replace ¢ by g3 in (2.37). Thus, (2.36) can
be deduced from Theorem 2.10 and (2.37).

We conclude this section by offering three additional formulas for z.

Theorem 2.12 (p. 257). Let q = g3 and z = z(3). Then

oo qn
=146y ———o .
= §1+q"+q2"

Proof. By Theorem 2.10 and (2.6),

e 3n+1 3n+2
q q
Z=1+6Z( Il 3 2)

= l_qn 1__q n+
o0 o0

=1 +6Z Z(q(3n+l) _q(3n+2)m)
n=0 m=1
[ o}

=146 Z m Zm)zqélmn
m=1
— g™ — g*"
m=1
o0 qm

=1+6 :
mz= 1+gm+g°m

and the proof is complete.

In the middle of page 258, Ramanujan offers two representations for z, but
one of them involves an unidentified parameter p. If g is replaced by —gq
below, then the parameter p becomes identical to the parameter p in Lemma
5.5 below, as can be seen from (5.11).
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Theorem 2.13 (p. 258). Let z and q be as given above. Put p = (m —1)/2,
where m is the multiplier of degree 3 in the classical sense. Then

30,3 3,2 30,3
(2.38) z=(p¢gg))(l+4p+p2):4w @) _324a)

w(q®) o(q)
Proof. Our proofs will be effected in the classical base gq. We first assume that
the second equality holds and then solve it for p. Let B have degree 3. By
(2.13),
v (a*) ()

l+4p+p?=4—22 11 _

d w(q%) ¢3(q?)

3 2
=m2 (a/(I) l _3=m2 <3+m> _3’
(B/4®)3 2m

by (2.14) and (2.15). Solving (2.39) for p, we easily find that p = (m—-1)/2,
as claimed.

Secondly, we prove the first equality in (2.38). By the same reasoning as used
in (2.39),

(2.39)

V@) 9@ _zlal i
4% 3 =-—To7 37T
w(q®) v(@) i B ;

2m m
m*+6m-3
= 2123 T
=a(q),

by (2.10). Appealing to Theorem 2.10, we complete the proof.

3. THE PRINCIPLES OF TRIPLICATION AND TRIMIDIATION

In Sections 3 and 4, for brevity, we set ¢ = g3, and z = z(3; x) (unless
otherwise stated).

In the classical theory of elliptic functions, the processes of duplication and
dimidiation, which rest upon Landen’s transformation, are very useful in ob-
taining formulas from previously derived formulas when g is replaced by g2
or \/q, respectively. These procedures are described in detail in [5, Chapter
17, Section 13], where many applications are given. We now show that Ra-
manujan’s cubic transformation, Corollary 2.4, can be employed to devise the
new processes of triplication and trimidiation.

Theorem 3.1. Let x, q3 = q = q(x), and z(3; x) = z be as given in (1.7)
and (1.6), respectively. Set x = t3. Suppose that a relation of the form

(3.1) Q,q,2)=0

holds. Then we have the triplication formula

—a-t 0 L L)
(3.2) Q({m} ,q,§{1+2(1 t)}z =0
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and the trimidiation formula

3
(3.3) oli-(22L) 48 a+20z2) =o0.
1+2t
Proof. Set
1—1\°
B _ 1 _
(3.4) =1 (1+2t)'
Therefore,
(3.5) 1—(1-1¢3)3

T 1+2(1-m)F
By Corollary 2.4,

12

3°3

1 2 1-2\3
(3.6) _ZF'(3’3’1’1—<1+ t))

= (14 28)z(8).
Also, by (1.7), (3.4), (2.25), and (2.23),

2n 2F (3,35 1;1-17)

g =qt*=exp|-==

() ( V3 2Fi (3,3 1;13)
2
3

—t\3
o[22 2F (3,35 15 (4£)7)
(3.7) VIR (5 31— (6))
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Thus, suppose that (3.1) holds. Then by (3.5)-(3.7), we obtain (3.2), but

with ¢, g, and z replaced by ¢, ¢q’, and z’, respectively.

On the other hand, suppose that (3.1) holds with ¢, g, and z replaced by
t',q, and z’, respectively. Then by (3.4), (3.6), and (3.7), it follows that

(3.3) holds.
Corollary 3.2. With q and z as above,

bg)=(1-x)z
and

c(q) = xiz.
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Proof. By (2.8), Theorem 2.10, and the process of triplication,

b(q)=%<3~%{1+2(1—x)%}z—z) =(1-x)z,

while by (2.9), Theorem 2.10, and the process of trimidiation,

c(q) = L ((l +2x3)z — z) =xiz.

2
Theorem 3.3. Recall that f(—q) is defined by (1.14). Then for any base q,
1
(3.8) 4/*(-9) = 55b°(@)c*(q).

Proof. All calculations below pertain to the classical base g.
By Entry 12(ii) in Chapter 17 of Ramanujan’s second notebook [35], [5, p.
124],

(3.9) af*(~a) = gzia(l - a)*.

It thus suffices to show that the right side of (3.8) is equal to the right side
of (3.9). To do this, we use the parameterizations for b(q) and c(g) given by
(2.11) and (2.12), respectively. It will then be necessary to express the functions
of m arising in (2.11) and (2.12) in terms of a and f. In addition to (2.14)
and (2.15), we need the parameterizations

o (m+1)(3-m)3

(3.10) 1- -
and
(3.11) 1_ﬂz(m+l)3(3—m)

16m ’
given in (5.5) of Chapter 19 of [5, p. 233]. Direct calculations yield

(3.12) 9—m?=dm*—(——"—,
B3(1—B)s
(3.13) 3—m=2m(1“’)%,
(1-B)s
3
(3.14) mi1=2U=P"
(1- o)t
and
(3.15) mt— 1 = 4B P
aé(l—a)%

Hence, by (2.11), (3.12), and (3.13),

z (1-a)t ) al(l-a)
4 e St

amt ot M R s

_ zymiad(l —a)?

255 (1 - )8

b(q) =
(3.16)
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By (2.12), (3.14), and (3.15),

3 41lnl
) = 3z 2(1-,3)843/;§(1—;9?%

4m? (1-a)i a%(l —a
3z,8%(1 — )t

~ 2imiaki(1 - o)t

24

(3.17)

It now follows easily from (3.16) and (3.17) that

1 L 12 4
37 b°(q)c*(q) = g7 a(l-a),
which, by (3.9), completes the proof.

Corollary 3.4 (p. 257). Let q = q3, andlet z be as in Theorem 2.10. Then
(3.18) g% f(—q) = VZ3 ix%(1 — x)%.
Proof. By Theorem 3.3 and Corollary 3.2,
1
240\ — 21— )3y 12
af"(=a) = 55(1 = x)"x2 "%,
from which (3.18) follows.

Corollary 3.5 (p. 257). With the same notation as in Corollary 3.4,

at f(~q%) = VZ3 ix¥(1 - x)%,
Proof. Applying to (3.18) the process of triplication enunciated in Theorem 3.1,
we deduce that

4
L+200-0 (1 _ -yt )}
tf(—g3) = { (I-x)
i f(-¢°)=Vz ¥ {1+2(1_x)%}

(1+201 -x)%)3_ (1-a -x)%)3
(1+2(1—x)%)3
=vz3i{1- —x)%}%(l —x)E {1+ -0+ —x)i}é

=VZ3I {1 - (1-x)} (1 - x)%
=vZ378(1 - x)%xt,

as desired.

4. THE EISENSTEIN SERIES L, M, AND N

We now recall Ramanujan’s definitions of L, M, and N, first defined in
Chapter 15 of his second notebook [35], [4, p. 318] and thoroughly studied by
him, especially in his paper [34], [36, pp. 136-162], where the notations P, Q,
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and R are used instead of L, M, and N, respectively. Thus,
oo nqn
Lg)=1-24) ——
(9) n§=1 g

el n3qn
M(q):=1+240)" e
n=1

and

=1-504 Z — q"
We first derive an analogue of Entry 9(1v) in Chapter 17 in Ramanujan’s
second notebook [35], [5, p. 120].

Lemma 4.1. Let q = g3 be defined by (1.7), and let z be as in Theorem 2.10.
Then

dz
Z—

(4.1) L(g) = (1 —4x)z? + 12x(1 — x) I

Proof. By logarithmic differentiation,
d 24 = ny\24
17 log (a./*(-q)) =4 log( I=1 -q")
~ 242 —
n=1

= L(q).
On the other hand, by Corollary 3.4,

d i N _od (1, 3)

qdqlog(qf (—q)) —qdqlog(27z x(1=x)
_,4 1 1 3)dx

qu log (272 x(1—x) a7’

Now by Entry 30 in Chapter 11 of Ramanujan’s second notebook [35], [4, p.

(4.3)

87],
d 27:2F1(3,3,1;1—x) _ 1
dx \ V3 R, 350 ) x(1-x)z?
Thus,
(4.4) dq _ __4

dx ~ x(1-x)z%
Using (4.4) in (4.3), we deduce that

12dz 1 3 )
z dx 1 -x

ws) j log( f“(—q)) =x(1 —x)z2 ( t T Tox

— dz _ 2
= 12x(1 —x)zﬁ +(1—-4x)z

Combining (4.2) and (4.5), we arrive at (4.1) to complete the proof.
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Theorem 4.2 (p. 257). We have

(4.6) M(q) = z*(1 + 8x).

Proof. From [34], [36, p. 330] or from [4, p. 330, Entry 13],

Zs 12{1‘2( )~ Ml(q )}'

Thus, by (4.4) and Lemma 4.1,

M(q) = L¥(g) ~ 12x(1 - )22

= (1 —4x)2z* + 24x(1 - x)(1 - 4x)z3j
dz
—12x(1 - x)z ( —4z2 +2(1 - 4x)z o~

dz\? 2
+12x(1 — x) (a) + 12252) ,
where we have employed the differential equation for z [2, p. 1]
d dz 2
(4.7) E{x(l—X)—d;} —-§Z.
Upon simplifying the equality above, we deduce (4.6).
Theorem 4.3 (p. 257). We have

(4.8) N(q) = z5(1 — 20x — 8x2).
Proof. From [34], [36, p. 142] or from [4, p. 330, Entry 13],
T = H{L@M(@) - N@)).

Thus, by (4.4), Lemma 4.1, and Theorem 4.2,

2dM
dx

= {(1 —4x)z* + 12x(1 - x)zé} z4(1 + 8x)

N(q) = L(q)M(q) — 3x(1 - x)z

—3x(1 —x)z? {423(1 + 8x)Z—)ZC + 824}

28 {(1 = 4x)(1 + 8x) — 24x(1 — x)}
= z5(1 — 20x — 8x?),

and so (4.8) has been proved.

Theorem 4.4 (p. 257). We have

2
92 1 144x2(1 - x)222 (—;

4179
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Proof. Apply the process of triplication to (4.6). Thus, by Theorem 3.1,

1 3
M) = %Z" (1+20 _x)%)“ (1 i {IIT_H} )

and the proof is complete.
Theorem 4.5 (p. 257). We have

4 8
3 6(1_2 2
N(g°)=z (1 3x+27x).

Proof. Applying the process of triplication to (4.8), we find that

6 % 1—(1-x)3 ’ 1—(1-x)}
Mt =55 (1 +20-01) (‘_ZO{T%_%%} S{ﬁ})
Z6

=3 {(1 +2(1 —x)%)6 —20(1 +2(1 —x)%)3 (1 —( _x)§)3

-8(1-(1 —x)%)6}

z6

=% {-27+ 540(1 — x) + 216(1 —x)z}

6
- %(729— 972x + 216x?)
=z8 <l—§x+%x2>.

We complete this section by offering a remarkable formula for z* and an
identity involving the 6th powers of the Borweins’ cubic theta-functions b(q)
and c(q).

Corollary 4.6. We have

(4.9) 10z* = IM(q®) + M(q).

Proof. Using Theorems 4.2 and 4.4 on the right side of (4.9), we easily establish
the desired result.

Corollary 4.7. We have
(4.10) 28 {b%(q) - ¢S(q)} = 2TN(a*) + N(q).

Proof. Using Theorems 4.3 and 4.5 on the right side of (4.10), and also em-
ploying Corollary 3.2, we readily deduce (4.10).

4
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5. A HYPERGEOMETRIC TRANSFORMATION AND
ASSOCIATED TRANSFER PRINCIPLE

We shall prove a new transformation formula relating the hypergeometric
functions z(2) and z(3) and employ it to establish a means for transforming
formulas in the theory of signature 2 to that in signature 3, and conversely. We
first need to establish several formulas relating the functions ¢(q), w(q), and

f(=q) with a(q), b(q), and c(q).
Let, as customary,

(@; @)oo = (1 —a)(1 —ag)(1 —ag®)---, |g|<1.
For any integer n, also set

oy (@3d)
(@ D = 10 g
From the Jacobi triple product identity [5, pp. 36,37],
(5.1) 9(=9) = (4 9o (q; 1P,
_ (@5 d%)
(5.2) v(q) = @2
and
(5.3) f(=9) = (@5 9)co-
Lemma 5.1. We have
(=9
(5.4) b(q) = Dk
1 L (=4%)
(5.5) c(q) = 3¢* N
cd®) _ o(-9)
(.6) 302((1) - 03(-¢%)°
c2(gY) _ Lvi(¢")
&7 se@ = vied
and
(58) CZ(q4) 2 !//3(q )¢( q)

)~ T v@vd)
Proof. First, (5.4) and (5.5) follow directly from Corollaries 3.2, 3.4, and 3.5.
Next, from (5.5) and (5.3),

c(g®) _ (4% 4%)3.a; 9%
c2(q) (4% 9N)(d?; @38,
Using (5.1), we readily find that the right side above equals ¢(—q)/¢3(—q?),
and the proof of (5.6) is complete.
Again, from (5.5) and (5.3),
cg?) _ 2042 4")5(a%; 0o
3c(q?) (a%; %)% (a%; )3, °
which, by (5.2), is seen to equal q2w3(q%)/w(q?). Thus, (5.7) is proved.
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Lastly, (5.8) follows from combining (5.6) and (5.7).

Lemma 5.2. We have
p*(-q) _ ,c(q%)
Y 3y 4 :
p3(=q*) (9
Proof. By (5.8), we want to prove that

3,6 3
2203 — 0 —a) = 40 (—ag? (2‘//(61)(/7(—4)) .
0 (=q°) — 0°(—q) = 49°(—q") | g V@)
By Entry 10(ii) of Chapter 17 of the second notebook [5, p. 122],
(59)  e(-g)=va(l-a)}t and  g(-¢*) = VE(l -,
where B has degree 3 over a. Thus, by (2.13) and (5.9), it suffices to prove

that \ 1
231 - B)} - z1(1 — @)t = 2231 - )} (%3) =

Since m = z;/z3, the last equality is equivalent to the equality,

m(28Y =2 (2 ()

By (2.14), (2.15), (3.10), and (3.11), the last equality can be written entirely in
terms of m, namely,

3—m m-1 2

“Mmam+ D) 2 m+l
This equality is trivially verified, and so the proof is complete.

Lemma 5.3. We have
v2(g®) _ c9)
qy?(q®)  c(g*)’
Proof. By (5.8), the proposed identity is equivalent to the identity

20,6 20,2 W(QZ)W(46)¢’3(—Q3)>%
.
qy(q°) + v=(q°) ( 0(—q)
By (2.13) and (5.9), the previous identity is equivalent to the identity,

on) -a(3) (422

By (2.14), (2.15), (3.10), and (3.11), the last equality can be expressed com-
pletely in terms of m as

3+m 2 m+1

bem =)~ “m=1_ 2

Since this last equality is trivially verified, the proof is complete.
Lemma 5.4. We have
93(-4°)

v3(q*)
9(—q) '

MRy

a(q) =
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Proof. By Entry 11(i) in Chapter 17 [5, p. 123],

(510 w@=yyzae@t  ad  wig) =356/

Thus, by Entry 3(i) in Chapter 21 of Ramanujan’s second notebook [5, p. 460],
(5.10), (2.14), (2.15), (3.10), and (3.11),

w3(q) @) 3(q%)

ala) = u/(q3) l//(q)
3
_ Zl a”
- (ﬂ)
%
=_§ " 3qu§3))
S5 (ol e
Zy
3 1
Cd (ra=p\t 1 s vi(d®)
oz (( I-a ) +2(a) )+3q w(g)

By (5.9) and (5.10), the right-hand side above equals

03 (=¢*) | v3(q?) w’(q3).

9(-4q) T4 v(9) 34 w(q)

The desired result now follows.
Lemma 5.5. If p :=p(q) := —2c(q*)/c(q), then

_ 9*(-9)
(5.11) 14+2p = PO

_,c(g*) v*(g?)
(3.12) 2HP =200 v @)

_ =g _ (Y
(-13) 1P =) T A
and
(5.14) l+p+p2=3a—(qﬁc(LZ).

cX(q)

Proof. Equations (5.11) and (5.12) follow from Lemmas 5.2 and 5.3, respec-
tively.
As observed in [18], it follows from the definition (2.4) of c¢(g) that

(5.15) c(q) +¢(=q) = 2c(q%).
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Thus, by (5.15), (5.5), and (5.3),

=) _ (=4’; ~0*)3(4; D
c(q@)  (-9; —D(d’; 33
q
q

l+p=-

_ (-4’3 4%3.(4%: 43,45 Do
(-4 4%)(@%; 4%)o(a%; 4°)3,
_ (4% 9")3, % 4%)3.(45 D=4 6P
(@35 3%3,(a%; 4*) o (qz' 2oo(q@3; 43)3,
(4% 49%(a; 9%(a%; 1%
qf‘)é'io(ql2 q‘z)

T (4% a3
_ @)
—c2(q)e(g?)
Thus, (5.13) has been verified.
Lastly, by Lemma 5.4, (5.6), and (5.7),

2 L (2@ |,
(5.16) a(q’) = 3 (C(q4) +4 CD) )
Hence, by (5.13) and (5.16),
2 () (g%
LHP A= ag)eqn * 4 c2(q)
_e(g) (D) | Y
= aq) (c<q4> 458
_ 3c(gPa(q?)
cXq)
which proves (5.14).
Theorem 5.6 (p. 258). If
_P*Q2+p) _ 27p*(1+p)?
B R  F =)

then, for 0<p<1,

1
517 (eper) sk (3o 3i15a) = VIT R (3. 35156).
Proof. By Lemma 5.5 and (5.8),
c*(g*) 92 (-4%) ¥*(d?)
ct(q) 9*(-q) qw*(4%)
—16 3 v ( ) =1- ( ) ,
0*(-4?) (/74(—43)
by Jacobi’s identity for fourth powers, (2.1), with g replaced by q>. Thus [5,
p. 98, Entry 3], with ¢ replaced by —g3,

11 . — m2(_3
(5.19) oF (3050 10) =0

(5.18)
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Also, by Lemma 5.5,

_ A
Thus, by Lemma 2.6,

(5.20) 2 F (
By Lemma 5.5, (5.19), and (5.6),

2 Np2(_3
(1+p+p%) 2R (%,%;l;a) - 394 )C(cqz(zj;( )

- e

=V1+2pa(@)
1 2
=V 1+2p,F (§,§§l;ﬂ) )

by (5.20).
Lastly, we show that our proof above of (5.17) is valid for 0 < p < 1.
Observe that

da _6p2(1+p)? 4 4B _27p(1-p)(1+2p)2+p)

dp (1+2p)? dp 4(1+p +p?)4

Hence, a(p) and B(p) are monotonically increasing on (0 1). Since a(0) =
B(0) and o(1) =1 = B(1), it follows that Theorem 5.6 is valid for 0 < p < 1.

We now prove a corresponding theorem with o and g replaced by 1 —a
and 1 - B, respectively.

Corollary 5.7. Let o and B be as defined in Theorem 5.6. Then, for 0 < p <
1,
(5.21) (1+p+p?) .F (2 2, ;11— ) V3 +6p,F (3 EERE l—ﬂ).
Proof. By (5.19) and (5.20), with g replaced by —q,
3.2
: a(qz) _ 2Fl (% ’ %; 1, Zﬁ(qi))
(5.22) 22 — PTETIR
2F1 (f} §; 1, 1- PRCO) )

Thus, by (5.21) and (5.22), it suffices to prove that

3,2
a@d) R Bn1-58)

(5.23) pre .
@R (5 5 )
By Lemma 2.9,
302
27[2F1(3,§,1;1-—Z(Z))
(5.24) g% = exp 7 S i
2Fl(§’§a1. (q))
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and by Entry 5 of Chapter 17 in Ramanujan’s second notebook [5, p. 100],

4 3
WFi(d, 351 B
(5.25) P =exp|-n e ),
R4, 111 - 2e))

Combining (5.24) and (5.25), we find that

12.7. _0342) 11, 1. %=
(5.26) \/§2F'(3’ U T-a@) RG50Sy
. 30,2 - 4(_g3

2F1 (%’%;1;%(%%) 2Fl(%’%;l;1_(/)(/1§(<1‘§)))

We now see that (5.23) follows from combining (5.22) and (5.26).
Corollary 5.8. With o and B as above, for 0 <p <1,

R, 3151 —a) _ Fi(3, 3 1,1-8)
V32R(3, 5 e 2R3, 315 8)
Proof. Divide (5.21) by (5.17).

(5.27)

The authors’ first proof of Corollary 5.7 employed Theorem 5.6 and a
lemma arising from the hypergeometric differential equation satisfied by
2Fi(a, b;c; x) and ,Fi(a, b; c; 1 — x). We are grateful to Heng Huat Chan
for providing the proof that is given above.

Corollary 5.8 is important, for from (5.27) and (1.7),

(5.28) a3 = @3(B) = ¢*(a) = ¢%,

where ¢ = g(a) denotes the classical base. Thus, from Theorem 5.6 and (5.28),
we can deduce the following theorem.

Theorem 5.9 (Transfer Principle). Suppose that we have a formula
(5.29) Q(4%(e), 2(2; a(p))) = 0

in the classical situation. Then

v1+2p

(530) 2 (a0, {5

2(3; ﬂ(p))) —o,

in the theory of signature 3.

If the formula (5.29) involves «, in addition to its appearance through ¢
and z, it may be possible to convert (5.29) into a formula (5.30) involving only
B, q3, and z(3). This good fortune is manifest in the next three instances, as
we offer alternative proofs of Corollary 3.5, Theorem 4.4, and Theorem 4.5.

Second proof of Corollary 3.5. By elementary calculations,

_(-p(+p)’ _ (2+p)?*(1 +2p)*(1 - p)?
(53) T-a= o ieand - f= S
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From Entry 12(iii) of Chapter 17 [5, p. 124}, Theorem 5.6, (5.28), and (5.30),
f(-a}) = f(=*) = VZ2~H {a(1 - 0) g}

_ (2 e (PR )P\ L
C (I+p+p)t 202 < (1+2p)? > q}
_ V20 ( 27p(1 + p)? ) (<2+p>2(1 + 2p)(1 —p)2>*
 gist \d(l+p+p?) 4(1+p+p2)?
= gt -k,

gi3i

by Theorem 5.6 and (5.31). This completes our second proof of Corollary 3.5.

Second proof of Theorem 4.4. By Entry 13(i) of Chapter 17 [5, p. 126], Theorem
5.6, (5.28), and (5.30),

M(g3) = M(¢%) = z*(1 —a +?)

“(+p+pd)t 1+2p ' (1+2p)?
1+ 3p—5p%+3p5 + pb
= z43
AR e
_ 4@ lLtp+p?) — 60214 p)%)
(14+p+p?)3

= 2%(3) (1 - §ﬂ>

Second proof of Theorem 4.5. By Entry 13(ii) of Chapter 17 [5, p. 126], Theorem
5.6, (5.28), and (5.30),

N(g3) = N(g?) = z5(1 + )(1 - 1a)(1 - 20)

2
6

(1420 -20°2+p))
6
— S {21+ 0+ P = 18551+ (14 p + 7
+27p%(1 + p)*}
= =0) (1- 38+ 5:57)

Having thus proved Corollary 3.5, Theorem 4.4, and Theorem 4.5, we may

use the process of trimidiation to reprove Corollary 3.4, Theorem 4.2, and
Theorem 4.3.

6. MORE HIGHER ORDER TRANSFORMATIONS FOR HYPERGEOMETRIC SERIES

The first theorem will be used to prove Ramanujan’s modular equations of
degree 2 in the theory of signature 3.
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Theorem 6.1 (p. 258). If

2 2
(6.1) a:=alp):= AC kT D B:=B(p):= pi3+p)
then, for 0<p <1,

1 2 1 2
(6'2) 2F1<§’§,1,a>—(l+p)2Fl<§9§,l’ﬂ)'
Proof. We first prove that

cX(q?)
c(q)

(6.3) a(q) - a(q’) =2

From Entry 3(i),(ii) in Chapter 21 of Ramanujan’s second notebook [5, p.
4601,

3 3 31,3
(4 )= iy

Thus, by (6.4), Theorem 2.13, (1.17), (2.13), (2.14), (2.15), (5.10), and (5.7),

_ @) _150°(d%) _ ¢°a)
w(q%) 40(q9)  4o(q?)

a(q) — a(q?)

which completes the proof of (6.3).
Secondly, we prove that

(6.5) alg) +2a(a?) = 4.

By (6.4), Theorem 2.13, (1.17), (2.13), (2.14), (2.15), (3.10), (3.11), (5.9),
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and (5.6),

oy _ W WD) _30°@) | 9)
a(q) +2a(q”) = 4 v(@®  20@) | 20(q)

=£(a_3)*_3z§+z?

4189

23% B 2 21% 223%
3 2
4 ( 4 272" )
3
= 2Z—-’;(m +1)?
4z;
3 3\ %
Lz (-8
B 32% ( l-a )
A )
9(-9)
_ )
c(g?)’
which proves (6.5).
Now let
. _ alg)
(6’6) p = p(q) - a(qz) .
(Note that p tends to 0 as g tends to 0, by (2.2).) Then by (6.6), (6.3), and
(6.5),
_pB+p? _1(a@ (9@ .\ &
T AT+ 2 (a(qZ) 1) (a<42> *2) B(9)
_ (alg) — a(¢?) (alq) + 2a(¢%)’
(6.7) 2a3(q)

_,%d?) ) 1
c(q) c2(¢?)2a3(q)
_ )
ad(q)’
Also, by (6.6), (6.3), and (6.5),

_P*3+p) _1(al@ .\ {(a)
b=—3 ‘4(a(q2) 1) (a(«ﬂ)”)
1 4c(q?) c*(q)
6.8 =
(6.8) 4a%(¢*) c*(q) c(q?)
_ (4

a’(q?)’

The desired result now follows immediately from Lemma 2.6, (6.6), (6.7),

and (6.8).
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We now determine those values of p for which our proof of (6.2) above
holds.
By (6.1),

da _36+p)(1-p) and dB _3p(2+p)
dp 2(1+p)4 dp 4 )

Thus, a(p) and B(p) are monotonically increasing on (0,1). Since «(0) =0 =
B(0) and (1) =1= g(1), it follows that (6.2) holds for 0 < p < 1.

As functions of p, the left and right sides of (6.2) are solutions of the
differential equation,

p(1=p)(1+p)*(2+p)(3+p)u"+2(1+p)(3—4p—6p>—4p> —p*)u' = 2(1-p)(3+p)u.
Corollary 6.2. Let o and B be defined by (6.1). Then, for 0<p <1,
1 2 1 1 2
(6'9) 2Fl(§9§’1,1_a>—'§(1+p)2F1(§a§7l’l_ﬁ)‘
Proof. By Lemma 2.9 and (6.7) and (6.8), respectively,

2naFi(3, %515 1-a)
6.10 g=exp|——
(6.10) ( V3 2Fi(3.3:150)
and

2n 2 F(3, 351, 1-p)
6.11 g>=exp|-== 33 )
(6.11) ( V3 2F(3,3:158)

The desired result now follows easily from (6.2), (6.10), and (6.11).
Corollary 6.3. Let o(p) and B(p) be given by (6.1). Then, for 0<p <1,

2Fi (5,3 151-0) 2R (5,55 1:1-8)

6.12 2

(612) 2Fi(3,3;150) 2F (3,315 8)
and

(6.13) m(3)=1+p,

where m(3) is the multiplier of degree 2 for the theory of signature 3.
Proof. Divide (6.9) by (6.2).

Since (6.12) is the defining relation for a modular equation of degree 2 in the
theory of signature 3, (6.13) follows from (1.10) and (6.2).

The next transformation is useful in establishing Ramanujan’s modular equa-
tion of degree 4.

Theorem 6.4 (p. 258). Let
(6.14)
—a(p) e 2P+
@:=alb) = 30 a7 pry

Then, for 0<p< 1,

27p4(1
and B :=B(p) = m-fz(p—fﬁg)}.

1 2 1 2

615 2+2-p)2F (3.5 a) =20+ 40407 R (3. 5315 6)
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Proof. For brevity, set z(x) = »F; (1, 3;1; x). In view of Theorem 6.1, we
want to find x and y so that

z <y2—g’iij;§) =(1+y)z (y—2(34+y))

x(3+ x)?
2
= (1+)(1 +x)z (@) ,

y(3+y)?*  27p(1+p)*

(6.17) 0+y)7 - 20 +4p+ 03
x2(3+x) _ 27p*(1+p)
(6.18) 4 T 22+2p-p?»)¥’
and
_2(1+4p+p?)
(6.19) (149)(1+x) = SR,

Solving (6.18) for x, or judiciously guessing the solution with the help of
(6.19), we find that

__»
(6.20) X = 2+—2;_—p2.
An elementary calculation shows that (6.18) then holds. Substituting (6.20) into
(6.19) and solving for y, we find that

3p
21 __»
(6.21) YET o402

Substituting (6.21) into the left side of (6.17), we see that, indeed, (6.17) holds.
Lastly, it is easily checked that with x and y as chosen above,

x(3+x)% _ y*3+y)
+x7 4

i.e., the middle equality of (6.16) holds. Hence, (6.15) is valid, and the interval
of validity, 0 < p < 1, follows by an elementary argument like that in the
proof of Theorem 6.1.

Corollary 6.5. Let o and B be defined by (6.14). Then, for 0<p <1,
(6.22)
2

2124 2p — p?) 2F, (3 35 3 1; 1—a> = (1+4p +p?) ,F (; g, l; 1—ﬂ).
Proof. The proof is analogous to that for Corollary 6.2.

Corollary 6.6. Let o and B be defined by (6.14). Then, for 0<p <1,

2F1 (55 3 l§1"a) 2F1 (5,315 1-8)

2Fl(3:3,1.a) ZFI(%a'alaﬂ)
Proof. Divide (6.22) by (6.15).

(6.23) 4
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7. MODULAR EQUATIONS IN THE THEORY OF SIGNATURE 3

We first show that Corollary 6.3 can be utilized to prove five modular equa-
tions of degree 2 offered by Ramanujan.

Theorem 7.1 (p. 259). If S has degree 2 in the theory of signature 3, then

(i) @B +{1-a)(1-p)} =1,
(5)' {5 -2
(2 - (5) -
- (2) s {Umery
and

“ (U= (2

Proof. From (6.1), by elementary calculations,

1) 1—a=z2N@Er g (=p@p)?

2(1 + p)3 4
Thus, from (6.1) and (7.1), respectively,
_p(3+p) _ et I-p)2+Dp)
@B) =3,y  ad  {(1-a)l-p} = ===
Hence,
L \_3p+p*+2-p-p*  2p+2 _
(@)t +{(1 - )1 = )} = T = s = 1

Similarly, by (6.1), (7.1), and (6.13),

(a?z)% - {(11_—6;‘)2}% - (13:1;2 - (114:52 - 1ip B %
{(11113)2}% ) (_/_ij)? _CrpUen) pitp

o?\' f(l-a\* 34p 1-p 4 4
(7) +{ 1-p } T TR T (Fp2 mE

{<l—ﬁ)2}%+(ﬂ_2)%=<2+p>(1+p) p(1+p) )

=1l4+p=m,

R

and

=(1+p)?=m’
l -« 2 + 2 (1+p) "

Thus, the proofs of (i)-(v) have been completed.
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Theorem 7.2 (p. 259). Let B be of degree 4, and let m be the associated
multiplier in the theory of signature 3. Then
1

_(BY L (=) 4 (u-p)}
"= (a) " (1_a) m (a(l—a)) '
Proof. From (6.14), we easily find that
(1.2)
(1-p)*(2+p)(1 +2p)
2(1+4p +p?)3 and
Thus, from (6.14) and (7.2),

1

(ﬁ)’+(1—ﬂ)%= p(L+4p+pY)  (2+p)(1+4p+p?)
(1.3) a l-a (1+p)2+2p-p*) (1-p)2+2p-p?
_ 2(1+4p+pH(1+2p)
- (2+2p-p)(1+p)(1-p)

(1-p)2+p)*(1+2p)

1-f= 202+ 2p — p?)3

l-a=

From Theorem 6.4,

2(1 + 4p + p?)
(7.4) S T2
Hence, by (7.2) and (7.4),

4 (B(l - ﬂ))* _22+2p-p%)  p+p)(1+4p+p%)’
(75 m\a(l-a) I+4p+p> (1+p)(1-p)2+2p-p?)?
_ _2p(2+p)(1 +4p +p?)

(I+p)(1 =p)(2+2p-p?)
Therefore, combining (7.3) and (7.5), we deduce that
B\'  (1-B\' 4 (ﬂ(l—ﬂ))’f
—_ + ——— —_— —_—
a l-a m\ a(l —a)
_ _2(0+4p+pH(1+2p)  2p2+p)(1+4p+p?)
(2+2p-p?)(1+p)(1-p) (1+p)(1-p)(2+2p—p?)
_2(1+4p+p?)
2+ 2p-p?
by (7.4), and the proof is complete.
Theorem 7.3 (p. 204, first notebook). Let a, B, and y have degrees 1, 2, and
4, respectively. Let my and m, denote the multipliers associated with the pairs
a, B and B, y, respectively. Then
V3{B(1- )} _m
{al-nP = {r(1-a)}}  m
Proof. In (6.14), replace f by y, sothatfor 0<p< 1,
= M and y = M
2(1+4p +p?)3 2(2+2p - p?)3’
From the proof of Theorem 6.4, § has the representations
y:(3+y) x(3+ x)?2
4 and S TFa

b

(7.6)



4194 B. C. BERNDT, S. BHARGAVA, AND F. G. GARVAN

where x and y are given by (6.20) and (6.21), respectively. In either case, a
short calculation shows that
27p%(1 + p)?

7.7 _ 2 +p)
(7.7) A 4(1+p+p?)3

Using (7.6) and (7.7), we find that

2p% —3p® — 6p* + 14p3 — 6p> —3p + 2

mo= 21+ 4p + p2)]
(7.8) _ (p=1)*2p* +5p+2)
200+ 4p +p?)°
|_p= 4p® + 12p% — 3p% —26p3 —3p2 +12p + 4
4(14+p+p?)3
(7.9) _(p=1)*(2p* +5p +2)°
41+ p +p?)3 ’
and
= —2p8% — 15p3 — 39p* — 32p3 4+ 24p? + 48p + 16
(7.10) 22+2p - p?)?

_ _(-DE+2)°2p*+5p+2)
B 2(2+2p — p?)3 ’

Hence, from (7.6)-(7.10),
V3{B(1 - B)}¢
{a(1=p)}3 = {y(1 —a)}}
27p2(1+p)? (p— 1)2(2p% + 5p + 2)*\ ¢
v3 (4(1 +p+p?)3 4(1+p+p?)3 )

- ( 27p(1 + p)° (1—p><p+2)3<2p2+5p+2>)%
2(1 +4p + p?)3 2(2+2p — p?)3

(7.11)

_( 27p%(1 + p) (,,_1)4(2pz+5,,+2)>%
2(2+2p — p?)3 2(1 +4p + p?)3

_ (1+4p +p*)(2+2p - p?)
T (L+p+p){(1+p)2+p)-p(1 -p)}
_(1+4p+pH(2+2p -p?)
2(1+p+ p?)?
On the other hand, from the proof of Theorem 6.4, and from (6.20) and
(6.21),

m _1+y _ (1+4p+p*)(2+2p~-p?)
my  l+x 2(1+p+p?)? )
Combining (7.11) and (7.12), we complete the proof.

(7.12)

Next, we show that Ramanujan’s beautiful cubic transformation in Corollary
2.4 yields the defining relation for modular equations of degree 3. We then
iterate the transformation in order to derive Ramanujan’s modular equation of
degree 9.



RAMANUJAN’S THEORIES OF ELLIPTIC FUNCTIONS TO ALTERNATIVE BASES 4195

Lemma 7.4. If

L\ 3
_q_[(1=8
(7.13) a=1 <1+2ﬂ%) ,

then

ZFI(%a%;l;l_ﬂ)=32Fl(3a3)1;1_0)
2Fi (3,315 B) 2Fi(4,35150)
Furthermore, the multiplier m is equal to 1 + 2p5.

Proof. In (2.23) and (2.25), set x = B3. Dividing (2.25) by (2.23), we deduce
(7.14). The formula m = 1 + 283 is an immediate consequence of (2.23).

(7.14)

Theorem 7.5 (p. 259). If m is the multiplier for modular equations of degree 9,
then

1+2p%

7.1 20 -t

b

where B has degree 9.
Proof. Let a be given by (7.13), but with 8 replaced by

LN\ 3
t:=1—<1_’83) .
1+2p%

Applying (2.23) twice, we find that

1 2
oFi (3030 15a) = +2000A (3. 55 130)

=(1+ 213)(1 + 2ﬂ§) 2Fy (
We want to express the multiplier
(7.16) m = (1+2t3)(1+2p%)

entirely in terms of a and f. Solving for A3 in (7.13) and then replacing 8
by ¢, we find that

wIN

1:8).

3

A 1—(1-a)

21 —a)d + 1
Thus,
4 3
14283 = ———M——.
2(1—a)s +1

Using this in (7.16), we deduce (7.15) to complete the proof.
Theorem 7.6 (p. 259). If B has degree 5, then

(7.17) (@)} +{(1 - a)(1 - B} +3{ap(1-a)(1-B)}¢ = 1.
Proof. By Corollary 3.2, we may rewrite (7.17) in the form

(7.18) b(@)b(@’) +c(a)c(a®) + 3y/b(a)c(a)b(a%)c(a%) = a(g)a(4?).
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From Theorem 2.2 and (5.4) and (5.5) of Lemma 5.1, we find that
1
fP(=q) +27q"*(=¢%) }’
7.19 a(q) = { .
719 @ POl (=)
(In fact, (7.19) is given by Ramanujan in his second notebook [5, p. 460, Entry
3(1)].) Thus, by (5.4), (5.5), and (7.19), (7.18) is equivalent to the eta—function

identity
(7.20)
3(_ 3(_,5 3_a3\F3(_,15
LEQE ) ol "qi’f’(( 1) 4 90 - (-4 (~4°)f(=0")

3 {le( )+27qfl2 } {f12( q )+27q5f12 IS }3
- f(= )f( a*)f(-a°)f(—4")
Cubing both sides of (7.20), simplifying, and setting
A=f(-q9), B=f(-¢"), C=f(-¢), and D= f(-q"),
we deduce that (7.13) is equivalent to the proposed identity
45q2A%B8COD® + 10g43C3B*D* + 90¢3 4*C* B3 D?

(7.21) + A'9C10B2D2 4 8144 42C2B1ODI0 = ¢4 412D12 4 BI2C12,
Setting
f(=q9) f(=q°)
= T 3 and = ) 15
q1 f(—q3) q7 f(—q")

and dividing both sides of (7.21) by ¢g%(4BCD)®, we find that (7.21) can be
written in the equivalent form

90
P2Q?

81 Q°
+P4Q4+ﬁ7t—Q_4=Q6 V2

45 + 10P2Q? +

or

o {rors i) {8 -(G))

By examining P and Q in a neighborhood of ¢ = 0, so that the proper square
root can be taken on the right side of (7.22), we find that (7.22) is equivalent
to the identity

o2 o ese = (2) - (5)

Now (7.23) is stated by Ramanujan on page 324 of his second notebook [35]
and has been proved by Berndt in his book [8, Chapter 25, Entry 62]. (See
also a paper by Berndt and L.-C. Zhang [10], where several of Ramanujan’s
eta—function identities similar to (7.23) are proved.) This therefore completes
the proof of (7.17).

Theorem 7.7 (p. 259). If B has degree 7, then

ran = (B) 4 (L) L (Bumh) (200
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Proof. Using Corollary 3.2 and recalling that m = z,/z;, we find that (7.24)
is equivalent to the equality

b))  e(@’) 7b(a’)C( q’) 4 [bla")e(d’)
b(q) = c(9) b(q)c(q) b(q)c(q)
Employing (5.4) and (5.5) in (7.25) and then multiplying both sides of the
resulting equality by f(—q)f(—4)/ (af(—47)f(—¢*')), we find that (7.25)
may be written in the equivalent form
O _afaf(=¢?)  =a) =1
26 WCOTEEN T PR T a0
' LSV =),

(7.25) 1=

f(=a)f(-q3)
If we set 3
_ 1f(—q) and Q= lf(—q) ,
qif(—q7) g3 f(—q*)

we deduce that (7.26) is equivalent to the identity

7 Q2
(7.27) PO+ 55 QZ - 3.

However, (7.27) can be found on page 323 of Ramanujan’s second notebook
[35] and has been proved by Berndt and Zhang [10, Theorem 4]. See also [8,
Chapter 25, Entry 68]. This completes the proof of (7.24).

Theorem 7.8 (p. 259). If B has degree 11, then
(@) +{(1 = a)(1 = B)}} + 6 {aB(1 - a)(1 - B)}*
+3V3{aB(1-a)(1 - B} {(ep)t +{(1-a)(1 - B)}¢} = 1.
Proof. Employing Corollary 3.2, we find that (7.28) is equivalent to the identity
c(@)e(q") +b(a)b(a") + 61/b(@)b(a")c(@)c(q")
(729) +3V3 {b(@b(a"e@e(a™]}'

AVe@e@n + o} = a@aa").
By (5.4), (5.5), and (7.19), (7.29) can be transformed into the equivalent identity
0= (=d®) | L(=a)f*(=a")
f(=q)f(=q") f(=4*)f(-q%)
-+ 18¢°f(-a) f(-a*) f(=a'") f(-a*)
+94\/f(~0) (a3 f(~a") f(~q)

3 3 3( 1)
{3‘1 \/f f 11) \/f ) S q33}

{f12( q)+27qf'2 } {le( q11)+27q11f12 33)}3
f(—q)f( Nf(=a'")f(-g33) '

(7.28)

(7.30)
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Setting

A‘:f(_q)’ B=f(—q3), C=f(_q“), and sz(_q”)’

and multiplying both sides of (7.30) by ABCD, we find that it suffices to prove
that

9¢*B*D* + 4°C* + 18¢q*A*B*C?D? + 274> ACB3D? + 99 A3C*BD
1 1
= {42 +27g812}" {C12 427" D12}’

We next cube both sides of (7.31), simplify, and divide both sides of the result-
ing equality by 27(¢q4ABCD)®. After considerable algebra, we deduce that

(o) + (42) "+ (=9 { () + (%22 )
+ (3744 3%3){(%) +(%)}

(7.31)

2 2
(7.32) a2 AC 3gBD
+ (23442334432 41) ap) e
AC  3¢BD
5 .14 .23 .12 A~ e Sl
+ (P 4430443742 3){qBD+ AC}
AD 1 /BC\®
5 4 3 2
+ (434230 4+8.37 + 4. ?)=¢° (BC> +—5(AD) .
Now set y (2) c (112)
n(z n(l1z
P = = and = —=—,
gtB n(3z) Q giiD  n(33z)

where 7(z) denotes the Dedekind eta-function, g = exp(2niz), and Im(z) >
0. Then (7.32) is equivalent to the identity

)
(7.33) +66{( 0) + (P3Q)3}+253{( 0) + (P3Q)2}

+ 693 {PQ+ P3Q} + 1386 = (g>6+ (%)6.

The beautiful eta-function identity (7.33) has the same shape as many eta-
function identities found in Ramanujan’s notebooks, but is apparently not in
Ramanujan’s work. In contrast to our proofs of most of these identities, we
shall invoke the theory of modular forms to prove (7.33). All of the necessary
theory is found in [10] or [8, Chapter 25].

Let I'(1) denote the full modular group, and let M (I", r, v) denote the space
of modular forms of weight r and multiplier system v on I', where I is a
subgroup of finite index in I'(1). As usual, let

To(N) = {(‘c’ 3) eT(1):c=0 (modN)}.
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Then by [10, Lemma 1], PQ € M(I((33),0, 1), and by [10, Lemma 2],
(P/Q)% € M(Tx(33), 0, 1). Let ord(g; z) denote the invariant order of a mod-
ular form g at z. Let r/s, (r, s) = 1, denote a cusp for the group I'. Then,
for any pair of positive integers m, n,

(mn, s)?
24mn
where 1 denotes the Dedekind eta—function.

A complete set of cusps for Ig(33) is {0, 1, f;, co}. Using (7.34), we
calculate the orders of PQ and P/Q at each finite cusp. The following table
summarizes these calculations:

function g cusp ¢ olrd(g; 0)

(7.34) ord (n(mnz); g) =

PO 0 3

r_1
3 11

1 1

11 3
7 B -
198
5
3 66
5
18

—

1
Let L and R denote the left and right sides, respectively, of (7.33). Using the
valence formula (Rankin [38, p. 98, Theorem 4.1.4]) and the table above, we
find that

0> ord(L; oo) +ord(L; 0) + ord(L; %) +ord(L; —1—)

11
5 5 5
7.35 = fo0) — — — — _ =
(7.33) ord(L; %)~ 33 =17~ 3
=ord(L; o0) — 25
11
and
5 5 5 25
(7.36) 020rd(R,00)~§—1—1-—§—Ol'd(R,OO)—ﬁ~
By (7.35) and (7.36), if we can show that
(7.37) L-R=0(q),

as ¢ tends to O, then we shall have completed the proof of (7.33). Using
Mathematica, we find that

L=g"%+6q"*+27¢734+92¢72+279¢ ' + 756+ 1913 + 45364+ O(¢q*) = R.
Thus, the proof of (7.37), and hence also of (7.28), is complete.

At the bottom of page 259 [35], Ramanujan records three modular equations
of composite degrees. Unfortunately, we have been unable to prove them by
methods familiar to Ramanujan and so have resorted to the theory of modular

forms for our proofs. It would be of considerable interest if more instructive
proofs could be found. Because the proofs are similar, we give the three together.
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Theorem 7.9 (p. 259). If B, y, and & are of degrees 2, 4, and 8, respectively,
and if my and m; are the multipliers associated with the pairs o, B and y, J,
respectively, then

(7.38) - (ad)} {1 —e)(1 = 8)}} _ my

3{By(1 - B)(1 —p)}? m

Theorem 7.10 (p. 259). If B, v, and & have degrees 2, 7, and 14 or 4, 5, and
20, respectively, and if m; and m, are as in the previous theorem, then

142 (@) + {1 —a1 =)
L2 (B + (- pa-nyY) ™

Proofs of Theorems 7.9 and 7.10. Transcribing (7.38) and (7.39) via Corollary
3.2, we see that it suffices to prove that

(7.39)

(7.40)  a(@)a(g®) - c(q)e(q®) - ) = 34/c(g?)e(g*)b(g2)b(g*).
(7.41) a(q)a(q') + 2c(q)c(g") + 2b(9)b(g"*)
' = a(q*)a(q’) + 2c(q*)c(q’) + 2b(g*)b(q"),
and
(7.42) a(q)a(g®®) + 2c(q)c(¢*°) + 2b(q)b(¢*°)

=a(q*)a(q®) + 2¢(q*)c(g”) + 2b(q*)b(q°).

Next, employing (5.4), (5.5), and (7.12), we translate (7.40)—(7.42) into the
equivalent eta-function identities,

{£12(=q) + 27912 (=g®)}* {13(~q®) + 2748 f12(— g2}
=) f(=g3))f(- qs)f( -q%%)
(7.43) _op LD L) S (=)
f(=a)f(—q®) f(=a®)f(—=q*)
=99/(-¢*)f(-4*) f(-4°)f(-4"?),

(f12(~q) + 27/ (- }% (f12(- '4)+27q‘4f'2(—q42)}§
f(—(J)f(—CIS)f( 4)f(=q*)

s P(=d®) |, P(=a) (=4
f(=a)f(=q') f( 3)f(—=q*)

C{2(=g?) + 272112 } {12~ 7)+27q7f‘2(—q2‘)}%

- f(-q )f( 2 f(-a")f(-a?)

3L(=49 (=) |, (=) (=d")
f(=a®)f(-47) f(=q%)f(—=q*) "’

+ 18¢
(7.44)

+ 18¢
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and
112(=q) + 27 f12(~ £12(—g20) 4 2720 f12(—gb0) 4
{ ) { }
f(-q f( g3 f(- qz°)f( q%)
1 3= (=¢%) | (=9)(-¢%)
qasy L TE) ) =

_ {12 + 2704 =g} {112 + 276° 12 (-g) P
- f(=a")f(=a'2) f(—=a°) f(—q")
L4050 | Pa)(=4%)

S(=a*)f(-q%) f(=a')f(=q")"

Recall that if ¢ = exp(27miz), where Im(z) > 0, then n(z) = g% f(—q)
is a modular form on T(1) of weight 1. If (j j) e I(1) and d is odd, the

+ 18¢q

multiplier system v, (‘c’ Z) is given by [32, p. 51]

(7.46) Uy (‘CI 3) =4 (P%) e27ti{ac(1—d2)+d(b—c)+3(d—l)}/24,

where (I—ffl) denotes the Legendre symbol, the plus sign is taken if ¢ > 0 or

d >0, and the minus sign is chosen if ¢ < 0 and d < 0. Using (7.46), we find
that each of the four expressions in (7.43) and each of the six expressions in
both (7.44) and (7.45) has a multiplier system identically equal to 1, provided,
of course, that ¢ is divisible by 24, 42, and 60, respectively. Hence, both
sides of (7.43)—(7.45) belong to M(I'g(n), 2, 1), where n = 24, 42, and 60,
respectively.

If 0, denotes the number of inequivalent cusps of a fundamental region for
I'o(n), then [39, p. 102]

aoo=z¢((da n/d)) )

d|n

where ¢ denotes Euler’s ¢—function and (a, b) denotes the greatest common
divisor of a and b. Thus, for n = 24, 42, and 60, there are 8, 8, and 12 cusps,
respectively. Using a procedure found in Schoeneberg s book [39, pp. 86-87],
we ﬁnd that {0, 3,3, %, % 1. }5{0, 3, 328> %> 14> 27> )5 and
{0,5.4, 4,4, 4, %, 515 %, %, 00} constitute complete sets of inequiv-
alent cusps for F0(24), I (42) and I'y(60), respectively. Employing (7.34),
we calculate the order of each expression in (7.43)—(7.45) at each finite cusp.
In each instance, we find that each order is nonnegative.

Let F4, Fyy, and Fgp denote the differences of the left and right sides of
(7.43)—(7.45), respectively. Since the order of F,4, F4;, and Fgy at each point
of a fundamental set is nonnegative, we deduce from the valence formula that

(7.47) Y Pro(ny = Ord(Fy, ; 00), n=24,42,60,

l"‘""'_

|
cl"‘

provided that F, is not constant, where r is the weight of F, and

(7.48) prum = 75IT(1) : To(n)]
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Now (Schoeneberg [39, p. 79]),

1
(7.49) [C(1) : To(m)] =n ][] (1 +—> :
pln p
where the product is over all primes p dividing n. Thus, by (7.48) and (7.49),
Pro24) = 4, Pry42) = 8 , and Pro60) = 12. Since r =2 in each case, by (747),
(7.50)  ord(Fy;; o0) < 8, ord(Fy,; o0) < 16, ord(Fgp; o0) < 24,
unless Fy4, F4,, or Fgy, respectively, is constant.
Using the pentagonal number theorem, (1.14), i.e

o]

=)= 3 (-1qm =1 —g -+ ¢ +4 -7 - g +q7 -

n=—oc

and Mathematica, we expanded the left and right sides of (7.43)-(7.45) about
the cusp oc (g = 0). We found that the left and right sides of (7.43)-(7.45)
are equal to, respectively,

9g — 9¢° — 18¢° + O(¢°),

3+ 18¢% + 18¢° + 184° + 3647 + 54¢° + 18¢'° + 364!

7.51

(731) +18¢'2 + 18¢"3 + 369" + 904" + 0(q""),
and

(7.52) 3+ 18¢4% + 18¢7 + 1848 + 54¢° + 364" + 364'2 + 364" + 18¢"°

+ 364" + 369" + 364" + 126¢°! + 5493 + 904%* + O(¢%).

Thus, F4 = 0(q°), Fs; = 0(q"7), and Fgo = O(¢%), which contradicts (7.50)
unless F»4, F4;, and Fgy are each constant. These constants are obviously
equal to 0, and hence (7.43)-(7.45) are established. This completes the proofs
of Theorems 7.9 and 7.10.

From (7.51) and (7.52), we are led to several interesting conjectures about
the coefficients in the expansions of the left and right sides of (7.44) and (7.45).
We will not further pursue this here.

8. THE INVERSION OF AN ANALOGUE OF K (k) IN SIGNATURE 3

Theorem 8.1 (p. 257). Let q = q3 be defined by (1.7), and let z be defined by
(1.6) with r=3. For 0< ¢ < m/2, define 6 =0(¢) by

(8.1) 0 -/¢ F (l 2. L X sin t)dt
' =L 3y '
Then, for 0< 0 <m/2,
sin(2n@) _ sin(2n6)q"
(8.2) ¢= e+3z T Zoosh(n 0+3Zn(1+q"+q2”) = ®(h),

where q :=e™",
Recall from Entry 35(iii) of Chapter 11 [4, p. 99] that

(83) ‘7F| (2+n l—n'l

2o2) 2y i -1
3 ’2’X)_(1 X°) 2cos(2nsm x),
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where n is arbitrary. With n = } in (8.3), we see that the integral in (8.1) is

an analogue of the incomplete integral of the first kind, which arises from the

case n =0 in (8.3). Since ,F; (% I x sin? t) is a nonnegative, monoton-

ically increasing function on [0, /2], there exists a unique inverse function
¢ = ¢(0). Thus, (8.2) gives the “Fourier series” of this inverse function and is
analogous to familiar Fourier series for the Jacobian elliptic functions [42, pp.
511-512]. The function ¢ may therefore be considered a cubic analogue of
the Jacobian functions. Theorem 8.1 is also remindful of some new inversion
formulas in the classical setting which are found on pages 283, 285, and 286 in
Ramanujan’s second notebook [35] and which have been proved by Berndt and
Bhargava [9].
When ¢ =0=0, (8.2) is trivial. When ¢ =n/2,

¢ 1 2 1 .2 oo(%n(§)nn n/2~2n
/0 2Fl(§,§,5,xsm t)dt—-nzz()WX/o sin”" t dt
1
3
(

Thus, 6 = /2, which is implicit in our statement of Theorem 8.1.
We now give an outline of the proof of Theorem 8.1. Returning to (8.3), we
observe that

(8.4) S(x):= ,F (%, %; %; x2) = (1-x2)"1 cos (%sin“x) , x| <1,
is that unique, real valued function on (-1, 1) satisfying the properties
(8.5) S(x) is continuous on (-1,1),

(8.6) SO0)=1,

and

(8.7) 4(1 — x2)S3(x) - 38(x) - 1=0.

Properties (8.5) and (8.6) are obvious, and (8.7) follows from the elementary
identity 4cos® 6 = 3 cos 0 + cos(36). To see that S(x) is unique, set y = .S(x)
in (8.7) and solve for x2. Thus,

2o - +2y)
4y3 '

Since S(x) is real valued, either y < 0 or y > 1. Since S(0) =1 and S is
continuous, we conclude that y > 1. Hence

x==xg(y),

_ VIi=-1/y2y +1)
2y ’

where

gy):
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Now, g(y) is monotonically increasing on [1, c0). Thus, g~!(x) exists, and if
0<x<l1,y=gYx), whileif -1 < x <0, we have y = g7!(—x). Thus,
S(x) is uniquely determined.

We fix ¢, 0<q < 1. Set x =c3(q)/a’(q), soby (2.5), 0<x < 1. Then,
by Lemma 2.6, Z := ,F (., 3; 1; x) = a(q). (We use the notation Z instead
of z = z(3), because in this section z will denote a complex variable.) With
®(0) defined in (8.2), we shall prove that

dD(6)
(88) W>O, O<0<7[/2,
and
. B 1 (dd\® 3 (do\’

By (8.8), we may define © := ®~! : [0, n/2] — [0, m/2]. Setting S :=
Z dB®/d¢, we see from (8.9) that

483(1 — xsin®* ¢) — 35 — 1 = 0.
Hence, (8.7) holds with x2 replaced by x sin? ¢. Now, from (8.2),
[e 9] qn
"(0) = 1 T -7
@'(0) +6n§=:1 T - %

by Theorem 2.12. Thus,
S(0)=Z/®'(0) = 1.
Hence, by (8.4)-(8.7), we conclude that

d@ 1 2.1
d¢ 2F1(3 3575 ; X sin ¢> O0<op<m/2,

and so
¢ 12 1
29(¢)=/ 2hil 35 35 2,xsmt dt, 0<¢<n/2,
0

since ©(0) = 0. It follows that ©(¢) = 6(¢) and that ¢ = ®(6). Hence, the
desired result (8.2) holds.

Proof of Theorem 8.1. For |q| < |z| < 1/|q|, define

_ (z"+z7")q"
(8.10) (z,q):= 1+3Z T
We note, by Theorem 2.12, that v(1, q) =a(q), and, by (8.2), that
; do
(8.11) V(0):=v(e*, q)= VTR

By expanding 1/(1 —¢>") in a geometric series and inverting the order of sum-
mation, we find that

e 3n+1 3n+2
zq zq
v(z,q)=1 +3Z{1_2q3n+1 T 1= zg¥n+2
n=0

Z—lq3n+l Z—1q3n+2
1=z Igdn+l 1 — z-1g3n+2

(8.12)
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As a function of z, wv(z, g) can be analytically continued to C\ {0}, where
the analytic continuation v(z, gq) is analytic except for simple poles at z = g™,
where m is an integer such that m # 0 (mod 3). Using (8.12), we find, by a
straightforward calculation, that

(8.13) v(zq®, q) =v(z, q).

Hirschhorn, Garvan, and J. Borwein [31] have studied generalizations of
a(q), b(q), and c(g) in two variables. In particular, they defined

b(z,q):= i wm—nqm2+mn+n2 P

m,n=—o0

and showed that [31, eq. (1.22)]

(24545 )oo(27'9; @)oo
(2835 830 (27103; 43) o

b(z,q)=(q; 9o(@%; I¥)oo
(8.14)

oy =gy (1= zqM(1 - z7'g")
_E 1— g3 g (1—gn)?

and [31, eq. (1.17)]
(8.15) b(zq*, q) = z7%q7b(z, q).
We next show that v(z, ¢g) can be written in terms of b(z, q) and b(-2z, q).

Lemma 8.2. If

- m\2 (g3 3)2
O G e

and
. 7)\6 6. 6
pla)= (((JZ; Zgigoc(,‘(lq;;qqz;oo ’
then
(8.16) v(z, 0) = Ja@5 22D - 2p0a)

The case z =1 of (8.16) follows from [31, eq. (1.29)]. To prove Lemma 8.2,
we employ the following lemma due to A.O.L. Atkin and P. Swinnerton-Dyer
[1].

Lemma 83. Let q, 0 < g <1, be fixed. Suppose that f(z) is an analytic
function of z, except for possibly a finite number of poles, in every region,
0<z<|z| <z If

f(zq) = Az* f(2)
Jor some integer k (positive, zero, or negative) and some constant A, then either
f(z) has k more poles than zeros in the region |q| < |z| < 1, or f(z) vanishes
identically.

Proof of Lemma 8.2. Define

(B17)  F()i=b(z, a(z, 4) - Se(@)b(~z, 4) + 3 B(@)b(z. @)
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Examining (8.16), we see that our goal is to prove that F(z) = 0. From (8.13)
and (8.15),

F(zq3) = z7%2q73F(2).

From our previous identification of the poles of v(z, ¢) and from the definition
(8.14) of b(z, q), we see that the singularities of F(z) are removable. Thus,
by Lemma 8.3, to show that F(z) =0, we need only show that F(z) =0 for
three distinct values of z in the region |g|? < |z| < 1. We choose the values
z=-1, w, w*, where w=exp(2ni/3).

For z = -1, by (8.17) and (8.14), we want to prove that

. 4 6. ,6\2
613 o(-1,0) = a0 iD= S0 = p@).

But this has been proved by N. Fine [24, p. 84, eq. (32.64)].
For the values z = w, w?, we need the evaluations

(8.19) v(w, q) =v(w?, q) = b(q).

The first equality follows from the representation of v(z, gq) in (8.12). To
prove the second, we first find from (8.10) that

1 3 > q3" 3
§v(1,q)+v(w,q)—§+9; e - 24,

by Theorem 2.12. Since v(1, g) = a(q), by Theorem 2.12, we deduce that

v(w,q)= %a(cf) - %a(q)-

By (2.8), we conclude that b(q) = v(w, g) to complete the proof of (8.19).
Now setting z = w, we see from (8.17) that we are required to prove that

3a b(~w,q) 1

b(q) = 3 (Q)W - E,B(q)
_ 3 (459505 49(d’3 0% 1
T 204799297 495498 4 2

_ 9 (-q) N
—W(3¢( q°) - o( 4)>,

(8.20)

where we employed (8.14), much simplification, and (5.1). From Entry 1(iii)
in Chapter 20 of Ramanujan’s second notebook [5, p. 345],

p(=4°) | _ (o2*=2)) | :
YoCa) 1_<9 p4(~q) ) '
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Thus, by (5.9), (1.17), (3.10), and (3.11),
0} (=q) (0(=4°) |\ _ 9’(-q) (,9*(-4%) _ $
20(-4°) (3 0(=0) ‘)‘2¢(—q3> (9 7*(q) 1)
1

3 3
_ -t (91-5
223(1 - )b ('"“—a )

2 3-m) <im2(m+ 1?2 1)*
N 8z%m2 m? (3—m)2

(3 m) ,/zlz
4m
=b(q),

by (2.11). (See also [12, p. 143, Theorem 4.11(b)].) Thus, (8.20) has been
proved. (Note that in (8.21) a and S are squares of moduli and are not to be
confused with the definitions of a(g) and f(g) in Lemma 8.2.)

In conclusion, we have shown that F(z) =0 for z = -1, w, w?, and so
the proof of Lemma 8.2 is complete.

(8.21)

ST VEIS 2 4 3m)d

We shall need some further relations among a(q), ¢(q), a(q), and B(q).
First, from (8.21),

3o 9°(=q) (o0%(=¢®) .\ _1 2 @2
#(0) = g (Y 1) = g8 (02— A).
Since, from (8.14) and (8.16), with z =1,

1

(8.22) al@) = 55 - 3.
it follows from (2.5) that

4
(8.23) (q) = 28% (a2 - /32) .

Recall from (8.11) that V(6) = d®/d6, where ®(6) is defined by (8.2).
Our next task is to derive an infinite product representation for d¥V/d6. To do
this, we employ Bailey’s ¢is summation [28, p. 239].

Lemma 8.4. Let

H[al,...,am].= (@15 Qoo+~ (am 9)oo
bl""’b" ) (bl;q)oo"'(bn;q)oo
and, for |z| < 1,
v, ] = @@ (ass Oy
6%[1)1,‘._,1)6,(1,2] =2 Brs d)n-(Bes d)n

n=-—00

Then, for |a*q/(bcde)| < 1,

(8.24)
[ q\/aa _q\/aabac3d,e . . azq
Y6 |a, —va, qa/b, qajc, qa/d, qaje’ 1’ bede
-1 [aq, aq/(bc), aq/(bd), aq/(be), aq/(cd), aq/(ce), aq/(de), q, q/a
q/b,q/c,q/d,qle,aq/b,aq/c, aq/d, ag/e, a*q/(bcde) '
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Lemma 8.5. With z = e%% we have

(8.25)
dv _ d*® nsin(2n6)q"
d6 ~ 467 ~ 122 1+4gm+ g%

(22q3, 2)oo(2724%; 0%)0(@5 4%)oo(d?; 4%)0(@®; 43)3,

=q(z-1/z2) (zq; PL(z7'q; 32 (z4%; @)% (27 14%; °)%
= — 12q sin(26)
H (1 = 2cos(40)g>" + g®")(1 — g")(1 — g*")3
(1- 2cos 20)g3n—1 + gén=2)2(1 — 200s(20)q3"-2 + gén—4)2°
Proof. From (8.10),
zdv X n(z" -z ")g"
(626 ST

n=1
By expanding 1/(1—¢3") in a geometric series and inverting the order of sum-
mation, we find that

zdv Zq3n+1 Zq3n+2
3dz Z_: ((1 —zgdntZ T (1 = zg3n+2)?
Z—lq3n+l Z—1q3n+2
T (1= zTg3n+1y2 + (1= z-1g3n+2)2

Replacing n by —n—1 in the second and fourth sums and then combining the
first and fourth sums and the second and third sums, we find that
(8.27)

zdv > zg3+! z—1g3n+!
3dz nz ((1 — zg3n+1)2 (1= Z—1q3n+l)2)
1___ 3n+l)(1 +q3n+l)
_Q(Z—I/Z) Z l—zq3”+‘)2(l—z—‘q3"+')2q

- (2—1/2)( —qz) we| 4% 4t 24, 2. z7'q, 27 s, q]
(1-zg)¥(1 - z"1g)? q,-9,zq%, zq*, z7'¢%, "q“’ ’
_ az-1/5)(1 -4
(1-29)2(1-z"1g)?
H[ @, 322, ¢, ¢, ¢, 4%, 224>, 4%, q ]
q*/z,4*/z,4*z,4*z, 9%z, 9%z, 9*z, ¢z, ¢*
(22635 4¥)0o(2720% 5 8¥)0(d; 4%)0(@?; 4%)o(@? 5 4°)&

=q(z—1 ,
9z -1 )oo(""q; a*)%(26%; ¢*)% (271975 ¢3)%,
by (8.24). With z= em, we thus have shown, by (8.26) and (8.27), that
v i nsin(2n6)q
do ~ —1221+q"+q2"
— 12¢sin(26)
ﬁ (1 — 2cos(46)g* +¢°")(1 — ¢")(1 - ¢°")°
(1 —2cos(20)g3"—1 + g67=2)2(1 — 2 cos(26)g3—2 + gén=4)2’

which is (8.25).
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Next, define

3 2
(8.28) W(0) = % (4 - (@) -3 (Vg’)) ) = 4xlz3(Z —V)(2Z + V)2

Thus, (8.9) is equivalent to the identity

(8.29) ¥(0) = sin®(D(h)).

As a first step in proving (8.29), we establish the following lemma.
Lemma 8.6. With ¥ defined by (8.28),

d¥\* do\’
(8.30) (W) =4¥Y(1 - ¥) (75> .
Proof. Differentiating (8.28), we find that

dy k14 av
(8.31) ﬁ=—W(V+ZZ)a—§.

Putting (8.31) in (8.30), recalling that V' (0) = d®/df, and simplifying, we see
that it suffices to prove that

(8.32) 9 <‘;—Z)2 =4Z-V) (4xz3 —(Z-V)V + 2Z)2) .

Employing (8.25) above and using (8.14), we now find that it suffices to prove
that

81¢°(z - 1/2)(220*; °)% (2720 4°)%(a; D)% (a5 )2
(8.33) 4 3 )
= b4z, Qv - Z) (4xZ° - (Z - v)(v +22)?) ,
where v = v(z, q). By a direct calculation, it can be shown that the left side
of (8.33) satisfies the functional equation

(8.34) F(zq*, q) = z78¢7'2F(z, q).

By (8.13) and (8.15), it is obvious that the right side of (8.33) is also a solution
of (8.34). As observed in (8.12), v(z, gq) has simple poles at z = g™, where
m is an integer such that m # 0 (mod 3). From (8.14), we see that b(z, q)
has simple zeros at these same points. Thus, the singularities on the right side
of (8.33) are removable. In view of Lemma 8.3, it suffices to show that (8.33)
is valid for at least nine values of z in the region |¢3| <|z| < 1.

It is clear that (8.33) holds for z = 1, since v(1, q) = a(q) = Z. In fact, this
zero is of order at least 2 on each side, since, by (8.10), dv(z, q)/0z vanishes
at z=1.

Next, we show that (8.33) holds for z = g. Since b(z, q) has a simple zero
at z=¢q, and v(z, q) has a simple pole at z = g, we see that we must show
that
(8.35)

lim (b(z, q)v(z. 9))" = 8147(a ~ 1/0)(a”: 4*)5(a 4*)%(a; 9)5e(d; 4°)30

= (3(q; 9)%.(4%; q3)§o)4-
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But, by (8.12) and (8.14),

_ 3771405 9)e0(@?; 49)(205 A)oo(2714 @)

(1-2719)(2¢%; ¢*)o(271¢%; 4%)co

=3(¢; 9%(a°: ¢))%

which establishes (8.35). A similar argument shows that (8.33) holds for z =
2

q

gi_l}}] b(z,q)v(z, q)

Next, we examine the case z = w. We shall need to use the equality

(8.36) a(q) - b(q) = 3c(q?),
which is a consequence of (2.8) and (2.9). We also shall need the equalities
(8.37) b(w, q) = b(g*) = b(w?, q),

which are readily verified by means of (8.14).

Recall that x = ¢3(q)/a?(q) (see the beginning of the paragraph immmedi-
ately prior to the proof of Theorem 8.1) and that Z = a(g). Also, by (8.19),
v(w, q) = b(q). Hence, by (2.5),

4xZ% - (Z —v(w, 9)) (2Z +v(w, q))* =4c® — (a— b)(2a + b)?
=4(a®-b% - (a—-b)2a+b)?
=3b%(a - b).

Thus, by (8.36) and (8.37), the proposed equality (8.33) for z = w reduces to
the equality

~243¢%(¢°; 4°)%.(a; 9)%.(a%; ¢*)8, = —27b%(a®)c?(a*)b?(9).
But this equality is readily verified by using (5.4) and (5.5).
An almost identical argument shows that (8.33) also holds for z = w?.
From (8.16), (8.22), (8.23), and considerable algebra, we find that
bz, 9)(v(z, 9) - Z) (43(@) = (Z —v(z, 0) RZ +v(z, 9))})
81a?
= _W (ab(z 5 q) - ﬁb(_za q)) (ab(_Z, q) - Bb(Z, q))

x (b(z, q)b(-z, a){30> - B?} + af {b*(z, @) + b2 (-2, @)}) .

Hence, both sides of (8.33) are even functions of z. Therefore, we have shown
that (8.33) holds for 12 values of z, namely, 1 (with multiplicities 2)
+q, +¢%, +@, and Zw?. Thus, (8.33) holds for all values of z, and the
proof of Lemma 8.6 is complete.

We are now ready to complete the proof of Theorem 8.1.

Proof of Theorem 8.1. From (8.25),

dv

(8.38) 76 <0, 0<f<m/2

From (8.18),
(8.39) V(r/2)=v(-1, q) = B(9).
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It follows from (8.38) and (8.39) that
(8.40) 0<B(q)=V(n/2)<V(0)<V(0)=v(l,q9)=2Z, 0<6O<m/2.

Observe that (8.8) follows from (8.11) and (8.40).
Combining (8.31) and (8.38), we find that

(8.41) 0<¥(0) <Y¥(n/2).
We now calculate ¥(37). By (8.39) and (8.22),
302 3

(8.42) Z-V(m/2)=a@) - B@) = 55 - 35
and

3a?
(8.43) V(r/2)+2Z = T

Thus, by (8.28), (8.42), and (8.43),

1 302 3B\ 9* _ 27a* _
¥w2 = g (35 - 7 ) e = st (4 #) =1
by (8.23). So, from (8.41),
(8.44) 0<¥(O) <1, 0<0<m/2

Now, by (8.38) and (8.31), d¥/d6 > 0, and again by (8.11) and (8.40),
d®/d0 > 0. Also noting (8.44), we conclude from (8.30) that

I ay _do
2,/9(0),/T-9(9) d0  db’

Since V' (0) =Z, from (8.28), we see that ¥(0) = 0. By definition, ®(0) =
Hence, by (8.45),

(8.45) 0<6<m/2

o d¥

o art= 5/0 VIO -%() dt ai

1 YO gy

®(6) =

~ 2/ Vuvl—u
V@)
= /0 \/1d..sz = arcsin (\/‘P(G)) ,

i.e.,

¥(0) =sin® (®(9)), 0<6<m/2.
This proves (8.29). Thus, (8.8) and (8.9) have been proved, and this finally
completes the proof of Theorem 8.1.

Theorem 8.1 will be used to prove Ramanujan’s next result, Theorem 8.7
below.
For each positive integer r, define

Z anq
1 + qn + q2n
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Ramanujan evaluated S,, in closed form for r = 1, 2, 3, 4. Ramanujan’s
claimed value for Sg, namely,
1 9
Sg = 27x(l + 8x)z7,
is actually incorrect. We shall prove a general formula for S,, from which
the values for S, S;, Ss, and Sz follow. J.M. and P.B. Borwein [16] have
evaluated S, but give no details.

Theorem 8.7 (p. 257). For r > 1,

(=1’
S2r = mSZr(Z> X, Z)’
where the polynomials s,,(V , x, Z) are defined by (8.49)-(8.52) below. In

particular,

_ X >3
S2—27Z,
_ X 75
S4—27Z,
S6=x(3+4x)z7’

and
_ x(81 + 648x + 80x2)29

Sy =

Proof. Define
V., x,2Z):= —g (4xZ3 +(V-Z)V + 22)2) v - 2).
Then, by (8.32),

av?
By a straightforward calculation,
1 0
p(V,x’Z) = 58—Vq(V’x’Z)
8 4 4 8 8
4 _ _%y3_ %o Y72 % 53, 953
(8.47) gV’ - 3VZ+ V2 -5x20 + 52
_— g (2xZ3+(V—Z)(V+2Z)(2V+Z)).
From (8.46),
2d_Va’ZV _0q(V,x,2Z2)dv
do do? v e’
and so, from (8.47),
d*v
(8.48) W':p(V,x’Z)'

For n > 2, define two sequences of polynomials s,(V, x, Z) and
tn(V, x, Z) by
(8.49) s;(V,x,Z):=p(V,x,2Z),
(8.50) LV,x,Z)=0,
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and, for n > 3,
(8.51)

0
sn(Va X, Z) = tn—l(Va X, Z)p(V’ X, Z)+ 3_V'Bn_l(V, X, Z)q(Va X, Z)

and
(8.52) th(V,x,2Z):= BaVs" WV, x, Z).
By using (8.48)-(8.52), we may prove by induction that
arv av
(8.53) W-s,,(V,x,Z)+t,,(V,x,Z)W, n>2,

Now, from (8.2), (8.11), and the definition of S,,, we readily see by induc-
tion on r that
d¥v(6)
(8.54) PG
Since V/(0) =0 and V(0) = Z, we conclude from (8.53) and (8.54) that
(=1
S2r 6- 22,
A program was devised in MAPLE to calculate S,,. This completes the proof.

= 6(=1)727'S,,.

o552, x,Z).

We also calculated S,, by using Theorem 8.1 in another way. By [30, p.

102],
Res (01) "o,

(8.55) i

where Res (@~')™" denotes the residue of (®@1)™" at ¢ =0. By using (8.2),
it is easy to prove that

2r+1
(8.56) ' ¢ = 9+3Z o iel)), Soy.

Equating coefficients of 62*! in (8.55) and (8.56), we find that
(—1)7(2r)!Res (@-1) >
3.202r+l :

We then used Mathematica to expand (Z®d~!(¢))
the desired residues could be calculated.

After our proof of Theorem 8.1 was completed, L. Shen [40] found another
proof based on the classical theory of elliptic functions.

klb—-

S2r =

—2r—1 .
7= in powers of ¢ so that

9. THE THEORY FOR SIGNATURE 4

The theory for signature 4 is simpler than that for signature 3, primarily
because of Theorem 9.3 below.

Theorem 9.1 (p. 260). For 0 < x < 1,
11 2x 3 2
(91) ) <2 2,1,m) V1+x,F (Z 4 i X).

Theorem 9.1 is precisely Entry 33(i) in Chapter 11 of Ramanujan’s second
notebook [35], [4, p. 94].
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Theorem 9.2. For 0 <x < 1,

L1 oxy T 13
02 2R (35 t1ee) = y5040a (5 3.

Proof. With x complex and |x| sufficiently small, by Entry 33(iv) in Chapter
11 [35], [4, p. 95],

1 1 1 1 3 4x
(9.3) ZFI(E’E’l’x)_ﬁzFl(Z’Z’l’m)‘
Replacing x by (1 —x)/(1 +x) in (9.3), we find that, for |1 — x| sufficiently
small, (9.2) holds. By analytic continuation, (9.2) holds for 0 < x < 1.

Theorem 9.3 (p. 260). Let q =: q(x) denote the classical base, and let q4 =:
qs(x) be defined by (1.8). Then, for 0 < x < 1,

(9.4) 4a(x) = ¢ (li@) .

Proof. Dividing (9.2) by (9.1), we find that, for 0 < x < 1,

\/—2F1(4,4, l—xz)_ P34 11— )
21:1(4’4’1 x2) 2Fi(3, 5515 &%)

Replacing x by /x and recalling the definitions of ¢ and ¢4, we see that
(9.4) follows.

For further consequences of Entries 33(i),(iv) in Chapter 11, see the examples
in Section 33 of Chapter 11 [4, pp. 95-96].

Theorem 9.4 (p. 260). For 0 < x < 1,

13 1-x\*\ _ ,— 13 .,
(95) 2F|(Z,Z,1,l—<m>>— 1+3X2F](Z,Z,1,X>.

Proof. Applying (9.1) and then (9.3) with x replaced by 2x/(1 + x), we find
that, for x complex and |x| sufficiently small,

1 3 _ _% 1 l. . 2x
oA (330w =0 (30500 15
L 1+3x\ 7! 13 8x(1+x))
= % _, = —_—
(1+x) (l+x> 2F‘(4’4’1’(1+3x)2
-1 1 3 . 1-x\?
(1+3X) 2 Fl<z,z,1,1—<m>)

Thus, (9.5) has been established for |x| sufficiently small, and by analytic con-
tinuation, (9.5) is valid for 0 < x < 1.

We now describe a process of deducing formulas in the theory of signature
4 from corresponding formulas in the classical setting. Suppose that we have a
formula

(9.6) Q(x,q%, 2)=0
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Let us replace x by 2y/x/(1 + /). Then by Theorem 9.3, g2 is replaced by
gs. By (9.1),

R DTV S W =S S S
2Fl(§,§,1’1+\/§>_ 1+\/.;2F1(4,4,1,X),
i.e., z isreplaced by /1 + /xz(4). Hence, from (9.6), we deduce the formula,
2v/x /
(9.7) Q(1+\/)_c’q4’ l+\/§z(4)) =0.

In each proof below, we apply (9.7) to results from Chapter 17 of Ramanu-
jan’s second notebook [35], proofs of which are given in [5].

Theorem 9.5 (p. 260). We have

. M(gs) = 2*(4)(1 + 3x).
Proof. By Entry 13(i) in Chapter 17 [5, p. 126],

M(q?) = z*(1 — x + x?).

Thus, by (9.7),
4 2
M(qs) = {\/1 +\/)?} z4(4) (1 - 12;/537 + (124:/52) )
= z4(4) {(1 +VE)? = 2V (1 + V) + 4x}
= z4(4)(1 + 3x).

Theorem 9.6 (p. 260). We have
N(ga) = 28(4)(1 - 9x).

Proof. By Entry 13(ii) in Chapter 17 [5,.p. 126],
N(g?) = z%(1 + x) (1 - %x) (1-2x).

Using (9.7), we deduce that

s (0 25 (1 52) - 45
28(4)(1+ 3vx)(1 - 3vx)

25(4)(1 — 9x).

N(q4)

Theorem 9.7 (p. 260). We have
Mg = @) (1- 3x).
Proof. By Entry 13(v) of Chapter 17 [S, p. 127],

1
4 _ 4 _ 2
M%) =z (1 x+16x).
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Hence, by (9.7),

M(qf>=<1+\/§>2z4<4>(1 lsz ]
%4 {4 - 8vx(1 + vx) +x}
% 4(4)(4— 3x).

Theorem 9.8 (p. 260). We have

N = =) (1-3%).
Proof. By Entry 13(vi) in Chapter 17 [5, p. 127],

1 1
4 _ 6 _ 2 oy — 2
N@" =z <1 2x> (1 X 32x).
Thus, from (9.7),

va =+ vorse (- o) (1- 5 - s )
1

= ~z5(4) {8(1 +VE)? - 16VE(1 + vVX) —x}

z8(4)(8 — 9x).

OOI'—‘OO

It is interesting that the two previous results have simpler formulations in
the theory of signature 4 than in the classical theory.

Theorem 9.9 (p. 260). We have

4} f(~gs) = Vz(@2 ExH (1 - x)B,
Proof. From Entry 12(iii) in Chapter 17 [5, p. 124],

f(=g%) = Vz2~H {x(1 - x)/q} ™.
Hence, by (9.7),

it fi-a0= 1+ v v (%)

Theorem 9.10 (p. 260). We have

=/z(&)2 txt(1 - x)%.

Proof. By Entry 12(iv) in Chapter 17 [5, p. 124],
gt f(—q*) = Vz4=3(1 - x)Hixt.
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Thus, by (9.7),
% ¢
T _ 2y — t -1 1_\/;)24(2\/;)
i f-ad) = (1 +vR) vaae (172) 7 (22
= VzZ@)2 hxn(1+ V)% (1 - Vx)®
=+/z(8)2 IxE(1 - x)%.
Recall the definition of L(g) at the beginning of Section 4. The following

intriguing formula does not appear in the second notebook but can be found in
the first notebook [35].

Theorem 9.11 (p. 214, first notebook). We have

1 3
LF? (Z T 1;x> = 2L(q?) — L(qa)-

Proof. For brevity, set ¢ = g4 and z = z(4). From (4.2) and Theorem 9.9,

L(q) = qadz log (qf“(—q))

_, 4 129-6 2
(9.8) = qalog (z 27°x(1 — x) )

_d 12 2\ dx

= qz-)-c-log (z x(1—x) ) a4
By Entry 30 in Chapter 11 of Ramanujan’s second notebook [4, p. 87], with
q =44,

(9.9) dg _ __4

dx ~ x(1=x)z2
Using (9.9) in (9.8), we deduce that
1

L(q) = (%Z—i + ; - %) X(l —X)22
(9.10) J

— —_x)z%2 _ 2

= 12x(1 x)zdx + (1 —=3x)z°.
Repeating the same argument, but with g replaced by ¢g? and with an applica-
tion of Theorem 9.10 instead of Theorem 9.9, we find that

L(¢*) = %q% log (4/*(~¢%))

_1 d 129-12.2/1 _ dx
.1 —2qulog(z 27 x4(1 x)) a4
. _l<£ﬁf Z___l_> (1 -x)z2
“2\Zdx Tx 1-x)* Y2
z

- d 1 2
=6x(1 — x)za + 5(2 —3x)z°.

Our theorem now easily follows from (9.10) and (9.11).
We conclude this section with a new transformation formula for

o F 1(% s % ; 1; x) found also on page 260. We need to first establish some ancil-
lary lemmas.
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Lemma 9.12. We have

NNAL0))

(9.12) a(q) +a(q?) = 2W(q3)
and

2 (-9

(9.13) 2a(q°) —a(q) = (=29

Proof. By Entries 4(iii),(iv) in Chapter 19 of Ramanujan’s second notebook [35,
pp. 226-227, 229],

3 6n+l 6n+5
v (q) q
=1 -
3 3n+1 3n+2
9°(=4q) _ q q

Using (2.6) to calculate the Lambert series for § {a(q) + a(q?)} and comparing
it with the Lambert series above, we deduce (9.12). The proof of (9.13) is similar
and follows by substituting x = ¢>"*!, ¢3"*2 in the elementary identity

and

2x2 X X

1-x2 1-x  1+4+x°

Lemma 9.13. We have

6 6(3
©0.14) Y9 L 1gau2awa?) - 2702 Y10) _ pag) 1 16qy4(g?)

v2(q?) v2(q)
and
6 6(,3
015 Lol - sava i@ -3¢ — @) + 160w e,

Proof. For brevity, set a := a(q) and 4 := a(q?). Then, squaring (9.12), we
find that

vo(q)

— 2
(9.16) ) (a+ A2
From (5.7), (6.3), and (9.12),
(9.17) 12qy%(q)w*(q®) = a*> — A?
and
(9.18) 36q2m =(a— A)?
' wi(q) '

Hence, from (9.16)-(9.18),
w(q)
w2(q3)
Next, from (9.16) and (9.18),

v°(q) v3(q?)
w3(q3)> (6 w(q)

2 2.3 2'//6((13) 2 2
+ 18qy-(q)v°(q°) — 27q =a‘+2aA-24".

(.19) w(q)

(9.20) 48qyl(q) = (8 ) =(a+A)3a-A)
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and
3,8(,3) — 3¥°(q°) '//3(‘1)__3
(9.21)  432¢3v%(g%) (216q 3(4)) (2W(q3)) = (a—A)3(a+ A).
From (5.6) and (6.5),
(9.22) 32D oy
’ 9(-9) '

Thus, from (9.13) and (9.22),

s, ~_ 9°(=q) 93(=¢*) _ 1
023 D=y e -

(24 — a)’(a +24)

W

and
9(— 3 3(— 1
9.24 B—ghy= LD _ L 24504 - a).
(9.24) 9°(—q”) 7q) 9= 37 ( ) )
Lastly, we need the elementary identity [5, p. 40, Entry 25(iv)]
(9.25) w(a*)o(d?) = v*(@?).
Hence, from (2.1), (9.25), (9.23), and (9.20),

(0@ + 160"} ={0*@) - 160v*(@))} " +64a0*@w*(a?)

= p%(=q) +64qy°(q)

(9.26) = %(2A —a)(a+24)+ %(a+A)3(a —A)

=a* + 44* + dad(a® - 24?)
= (a% — 24%)?* + 4aA(a® — 24°) + 4a*4?
= (a* + 2a4 - 24%)2.
Equality (9.14) now follows from (9.19) and (9.26), upon taking the square
root of both sides of (9.26) and checking agreement at ¢ = 0 to ensure that the

correct square root is taken.
The proof of (9.15) is similar. Thus, from (9.16)-(9.18),

6 6(3
02 L s - 30 L) - 50 4 20d - ),

Proceeding as in the proof of (9.14), from (2.1), (9.25), (9.24), and (9.21),
we find that
2 v
{o%@)+ 16q3w4<q6>} = 0*(—4*) + 640°y*(¢*)

(a+24)°Q2A—a)+ i(a —A)3a+A4)

I

7

(9.28) (a +44* + 4ad(24% - a ))
=5 (@

a? — 24%)? — daA(a® - 24%) + 4a2A2)

\OI'—‘\OI'—‘\OI'—N

(a? — 24% - 2aA)%.



4220 B. C. BERNDT, S. BHARGAVA, AND F. G. GARVAN

Equality (9.15) now follows from (9.27) and (9.28).

Lastly, we need the following lemma connecting , F; (% , % ; 1; x) with theta—
functions.

Lemma 9.14. We have
13 8/av2(a2)9(q) \
(9.29)  ,F? (— 2.1, ( vay(a)e(a) ) ) = 0%(q) + 16qu*(g?).

4747 9%(q) + 16qy*(q?)
Proof. Let
_ _8qv’(aY)e’(¢?)
9%(q?) + 1692y 4(g*)
Then
204y 2( 2 A (a2
(9.30) 2x _ _16qy°(a®)e*(a?) =16 w4(q ) |
L+x {92(q2) + 4qy2(q)} v*(q)
where we have employed (9.25) and the elementary identity
(9.31) 0*(q%) + 4qv*(q*) = 9*(a),

which is achieved by adding Entries 25(v),(vi) in Chapter 16 of Ramanujan’s
second notebook [35], [5, p. 40]. Hence, from Theorem 9.1, (9.30), (9.31),
(2.1), and (5.19), with —g3 replaced by ¢,

1 3
2F]2 (Z’Z; 1§x2)

1 ,(1 1 2x
= Tax 2 (5’ 7 b 1+x)
40,2 2,,4(,4 40,2
_ v(g*) +164°y4(q )2 JF2 (1’ L 16‘111/4(4 ))
{92(q?) + 4qw(g*)} 272 94(q)
_0*(g?) +16q*y*(q*) ,
94(q) ?(a)
= 0*(¢%) + 164°y*(¢*).
Replacing g2 by g, we deduce (9.29).

Lemma 9.14 was first proved by J.M. and P.B. Borwein [12, p. 179, Prop.
5.7(a)], [16, Theorem 2.6(b)].

Theorem 9.15 (p. 260). If

B 64p 3 64p3

(932) a = m and B = (27 —18p _p2)2 >
then, for 0<p <1,

(9.33)

37T 185 — 2 1
27— 18p - p* 2 Fy (%,%; 1;a> =3V3+6p-p?rF <Z’%; 1;13).

Proof. Let

AR
(9.34) D= 9q—'//4(¢1) .
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Then, by (9.14) and (9.15), respectively,

e VP e 4
(9:35) 3+6p-p" = s {04(@) + 16av4(a) )
and
3
_pr= P %3 34 (a6
(9.36) 27-18p —p° = PERIPES {¢ (¢°) + 16¢°y*(q )}-

From (9.32) and (9.35),

64qy*(q) 8vay?(a*)e* ()
037 eld):= ~ {0%(q) + 16qv4(a)) (¢4(q)+16qw4(42)>
by (9.25). Similarly, by (9.32) and (9.36),

(9.38) a1 - g - (S2@@) )
' ' 04(q%) + 16g3y4(¢°) ’

by (9.37).
Hence, from (9.36), (9.37), Lemma 9.14, (9.38), (9.35), and (9.34),

V27— 18p — p? ,F, (Z i,l a)

3
- s {r@ 16w} {0k + t6avad)

i dy(
B ah (. 3100) P e
ICRCE) 4’4 p?
vPY*(9) (1 3 )
=—\/3+6 —-p2LF =, > 1;
1
=3v3+6p-p? K (Z’ %; l;ﬂ)-
Thus, (9.33) has been proved.
Lastly, it is easily checked that o =: a(p) and f =: f(p) are monotonically

increasing functions of p on (0,1). Since a(0) =0 = B(0) and o(l) =1 =
B(1), (9.33) is valid for 0<p < 1.

10. MODULAR EQUATIONS IN THE THEORY OF SIGNATURE 4

Page 261 in Ramanujan’s second notebook is devoted to modular equations
in the theory of signature 4. In each case, our proofs rely on (9.7). Thus,
we shall employ modular equations from Chapters 19 and 20 of the second
notebook [35], [5] and convert them via the transformations

(10.1)

2o o 1-ve . 2B ~ Hl—ﬂ
“Cirve T ire P oy A s 1+B
Theorem 10.1 (p. 261). If B has degree 3, then
(10.2) @B +{(1-a)(1 - B} +4{aB(l-a)(1- B} =1.
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Proof. From Entry 5(ii) of Chapter 19 [5, p. 230],
(10.3) (@B)t +{(1-a)(1-f }4—1
By (10.1), (10.3) is transformed from the classical theory to
Vi)t +{<1—\/a)<1—\/?>}%=
{a+vaa+yp) rvaivh

in the theory of signature 4, or

1
r

Vaapt = {1 +vau+vA} - {1 -vau - val'.
Squaring both sides yields

2ap)t42{( - )1 - Y = {1+ Va1 + VB ) {1 - vari - VB
Squaring each side once again, we find that
2(ap)t +2{(1 - )(1- B} +4{aB(1 - a)(1 - B)}*
=1+ (@B +{(1-a)(1 - P},
Collecting terms, we deduce (10.2).
Theorem 10.2 (p. 261). If B has degree 5, then

(aB) 7+{1—a 1-8 )}2

+8{ap(l-a)(1 - )} (@B +{(1-a)(1 - P}¥) =1

Proof. By Entry 13(i) in Chapter 19 of Ramanujan’s second notebook [5, p.
280],

(10.5) (aB)? + {(1 —a)(1 - }2 +2{16af(1l —a)(l —ﬂ)}6 =1

Transforming (10.5) by (10.1) and simplifying, we find that, in the theory of
signature 4,

2ap) +2{64VaB(1 ~a)(1 - §)}'
{a+vau+vB) -{a-vaa - va}

Squaring each side and collecting terms, we deduce that

2ap)t +4{64V/aB(1 - a) 1—/3)} +8(af)} {(64(1 — a)(1 — B)}?
=2 2{(1 —a)(l - B)}1.
Further simplification easily yields (10.4).
Theorem 10.3 (p. 261). If B has degree 7, then
(@Bt +{(1 —a)(1 - B} +20{aB(l —a)(1 - B)}*
+8VZ{aB(l - a)(1 - A} ((@B)f +{(1 - a)(1 = B}F) = 1.

(10.4)

(10.6)
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Proof. From Entry 19(i) in Chapter 19 of Ramanujan’s second notebook [5, p.
314],

(10.7) (@p)¥ +{(1-a)(1- B} = 1.
Using (10.1) to transform (10.7) into the theory of signature 4, we find that

(16ap) = {(1+ Va1 + VB } - {1 - va)1 - v}
Squaring both sides, we deduce that
(16af)t +2{(1 - a)(1 - B)}}
—{a+vau+ VB +{a-vax-va}
Squaring again and simplifying slightly, we find that
(16aB)* +2{(1 - a)(1 - B)}* +4{16af(1 — a)(1 - B)}}
{a+vaa+vhY +{1-vau-va}.

Squaring one more time, we finally deduce that
1

4(aﬂ)*+4{(1—a)(l—B)}%+32{aﬂ(1—a)(1—ﬂ)}‘
+8{aB(l —a)(1 - B)} +16(af)t {16aB(1 — a)(1 — B)}}
+16{(1 —a)(1 - )} {16aB(1 — a)(1 — B)}?}

=2+ 2(a,8)7 +2{(1 -a)(1 - ,B)}7 .
Collecting terms and dividing both sides by 2, we complete the proof of (10.6).
Theorem 10.4 (p. 261). If B has degree 11, then

(@B) + {(1 —a)(1 - B)} +68{aB(1 —a)(1 - B)}*
(10.8) +16{aB(1 —a)(1 - B} ((@B)} +{(1 - a)(1 - H)}F)
+48{af(1-a)(1- )} ((@B)E +{(1-a)(1 - B)}}) =1.
Proof. By Entry 7(i) of Chapter 20 [5, p. 363],
(10.9) (@B)t +{(1 = a)(1 - )} +2{16aB(1 —a)(1 - )} =1.
Transforming (10.9) into an equality in the theory of signature 4, we find that

(4V/aB)} +2{64V/aB(1 - a)(1 - p)} "
~{a+vau+vhY -{1-vau-vhl'.

Squaring both sides and simplifying slightly, we deduce that
2(af)t +2{(1 - a)(1 - B)}* +8(aB)™ {(1 - a)(1 - B)}?
+8(af)t {(1 - a)(1 - B)}

= {a+va+vA} +{1-vau-va}.
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Squaring both sides again, we see that

4af)t +4{(1 —a)(1 - B} + 64(ap)t {(1 = a)(1 - B)}?
+64(aﬂ%{<1—a><1— B)}* +8{aB(1—a)(1 - B)}?
+32(aB)} (1 - a)(1 - B)}* +32(ap) {(1—a)(1 - )}
+32(af)® {(1 - a)(1 - B)}? +32(af)t {(1-a)(1- B)}
+128{af(l —a)(1 - p }4

=242 +2{(1 —a)(1-B)}:.

Collecting terms and dividing both sides by 2, we complete the proof.

(o

wi— N

The last six entries on page 261 in Ramanujan’s second notebook give for-
mulas for multipliers. By (9.1),

1 3.1.
m(4) ZFI(;;,g91’a)
2Fl(Z’Z,1,ﬂ)
(10'10) —(1+\/ﬁ>§2Fl(%a%;l;lz+\?a)
T\ 1+ e 117, 2/B Y
Fl(232’1,l+\/5)

Thus, to obtain formulas for multipliers in the theory of signature 4, take for-
4

mulas from the classical theory, replace m by (11?\/%) m(4), and utilize the

transformations in (10.1). '

Theorem 10.5 (p. 261). The multiplier for degree 3 is given by

C(B\P L (1-B\_ 9 (BU-P\?
(1011 mw=(5) +(1=2) s (=) -
Proof. From Entry 5(vii) in Chapter 19 [5, p. 230],
_ (B, (1-B8\t_(B0-B)\}

(101 m=(8) +(r=2) - (5=9)
and

9 (a } —a\! a(l —a) 5
(1019 w=(3) +(=5) ~(5=m) -
Using (10.1) and (10.10), we convert (10.12) into an equality in the theory of

signature 4, namely,

L4 VE o (ﬁ(lwa))%+ ((1—\/F><1+¢a>)%
L+ VB a1+ V/B) (1+ VA1 - Va)

) (ﬂ(l - VB +¢a)2>*

Va(l = va)(1 +v/B)?
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Or, upon rearrangement,
i
1-8\! _ (VBU+VB) VBi-vB\}
wore) wt - (1) - (W) ( vall=va)
By (10.13), (10.14), and symmetry,

01s) 9_<l—a)% vat+va) ' (yvan-va
v (155) - () ()

Multiplying both sides of (10.15) by (—(u))y , we find that
(10.16)
o (2 —m)% ) (g)* _(vBu-vB\' (vBu+vB):
m?(4) \ o1 - a) a Va(l - Va) ve(l+va) | -
Comparing (10.14) and (10.16), we arrive at (10.11).
Theorem 10.6 (p. 261). If m(4) is the multiplier of degree 5, then
1

o o= (51 (128) i (52
Proof. By Entry 13(xii) in Chapter 19 [5, pp. 281-282],
o m=(2) 4 (122) - (4=8)
and

i _ o\ NG
om - 2-(5)'4(55)'- ()

Transforming (10.18) into the theory of signature 4 via (10.1) and (10.10), we
find, after a slight amount of rearrangement, that

_ (VB VB (1-8\t_(VEO-VB))'
(1020 m(4)‘(ﬁ<1+¢a> +(1=2) - (i
From (10.19) and symmetry,

5 _(vausva ', (1-a\t_(vau-v@))*
o s (FE) () - (FieR)
1

Multiplying both sides of (10.21) by (gi“_g)l) and comparing the result with
(10.20), we readily deduce (10.17).

Theorem 10.7 (p. 261). Let m(4) denote the multiplier of degree 9. Then

1

(10.22) m(4) = (§>% + (%)% - ,2(4) (58 :c[:;)s
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Proof. The proof is almost identical to the two previous proofs. By Entries
3(x),(x1), respectively, in Chapter 20 [5, p. 352],

o e (8 (=) ()
and
w0 () (155) - (ER)

The transforming of (10.23) and (10.24) via (10.1) and (10.10) yields the equal-
ities

(10.25) m(4)=(M)%Jr(l—ﬂ)%_(x/?(l—\/?))%

Vva(l +/a) l-a Vvea(l —/a)
and
3 _(vau+v@ )\, (1-a\t (Vai-va) )
10.26 = _(eld=ve) )
(1020 7@ (mum) +(1=5) (ﬂ(l—ﬂ))

respectively. A multiplication of (10.26) by (%%5(%2) * and a comparison of
the resulting equality with (10.25) gives (10.22).

Theorem 10.8 (p. 261). If m(4) denotes the multiplier of degree 7, then

o= (2)'+(2) -5 (=)
(=) {0+ (D))

Proof. By Entry 19(v) in Chapter 19 [5, p. 314],

wozm  wi=(4)' (122)" - (BE4) -+ (4h=8)

and

o 3= (3)' (55) - Gi=) - Ge)

Transforming (10.28) and (10.29) into the theory of signature 4 via (10.1) and
(10.10), we find that, after simplification,

o (VBAE VB (1-8)}
’"(4"(%"'<1+\/a>) (=)

(VBu-VB)' ¢ (vBa-p))’
Va(l —a) Va(l —a)

(10.27)

(10.30)
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and
49 <\/&u+\/a))%+<1—a)é
2(4) 1-
(10.31) ) VB + V) ' g 1
_(ﬁ(l—ﬁ))2_8<ﬁ(l—a))’
VB(1-VB) VB(1-8))
respectively. Multiplying both sides of (10.31) by (%((}—:g)l)% , we deduce that
o (BU=py' (B Z(E)*
m2(@) \ a(1—a) Va(l - Va) a
‘ (10.32) . ;
(VBB o (BVI-B
Vva(l ++/a) aVi=a /|

Combining (10.30) and (10.32), we complete the proof of (10.27).
Theorem 10.9 (p. 261). If m(4) denotes the multiplier of degree 13, then

o= () (20 ()
(O (22))

Proof. By Entries 8(iii),(iv) in Chapter 20 of Ramanujan’s second notebook [5,
p. 376],
1

w0 =3+ (0 - (6=8) (=)
and
o 2= (5) +(155) - (=) (=) -

Transforming (10.34) and (10.35) into the system of signature 4 by means of
(10.1) and (10.10), we find, after some simplification, that

(10.33)

(10.36)

iy = (YEOLEVB) ‘+(1—ﬂ)*_ VEL-VB\'_, (VBu-p)}
-\ Vel +Va) l-a Vea(l - a) Ve(l - a)

and

(10.37) . )

13 =<ﬁ(1+ﬁ>)‘+<1—a)*_(¢a<1—¢a>)‘_4(ﬁ<1-a>)*

m(4) \VB(1+VB) 1-5 VB -/B) VB(1-8)) "~

respectively. Multiplying both sides of (10.37) by (%)% and combining

the resulting equality with (10.36), we finish the proof of (10.33).
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Theorem 10.10 (p. 261). If m(4) denotes the multiplier of degree 25, then

- (51 () (2

(=8 (8- (=)'}

Proof. By Entries 15(i),(ii) in Chapter 19 of Ramanujan’s second notebook [5,
p. 291],
1

(10.39)  Vm= (§>%+ <1—B>*_ (M)“ _2<M>‘Jf

l-a a(l —a) a(l —a)

(10.38)

and

om o () (155)'- ) (3)°

Transforming (10.39) and (10.40) by means of (10.1) and (10.10) into equalities
in the theory of signature 4, we find that

m(@) = (M)é .\ (1 _,,»)%

a(l «a —a
(10.41) val+ve , ! .
_(VBU-VB)' _,(VBU-$)\"
Va(l - Va) Va(l - a)
and
5 =(\/a(1+\/a))§+<1_a)%
(10.42) vm4) VB V) . " L
_(ﬁ(l—ﬁ))ﬂz(ﬁ(l—a))”
VB —/B) VB(1-8))

respectively. Multiplying both sides of (10.42) by (%((}—:g)l)% and combining
the resulting equality with (10.41), we finish the proof of (10.38).

11. THE THEORY FOR SIGNATURE 6

The most important theorem in this section is Theorem 11.3 below. This re-
sult allows us to employ formulas in the classical theory to prove corresponding
theorems in the theory of signature 6. To prove Theorem 11.3, we need the
following two results.

Theorem 11.1 (p. 262). If

_p(2+p) _ 27p*(1 +p)?
(1L S e N Tk

then, for 0<p <1,

1 1 1
(11.2) V1+2p,F (6,2' l;ﬂ):\/l+p+p2 2 F (5,5; l;a>.

6 )
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Proof. From Erdélyi’s treatise [21, p. 114, eq. (42)],

UL Y ma st om (LS 1 a7m2s 4y
(13) oFi (3, 33 152) = (=27 R (5. 35 12722 - 9%,

for z sufficiently near the origin. By Example (ii) in Section 33 of Chapter 11
[35], [4, p. 95],

1 1 1 1 4z

2 2. — (1 - -} oS e e
(11’4) 2Fl(2,2a152) (l Z) 2Fl(4:4a1a (1_2)2)’
for |z| sufficiently small. Thus, combining (11.3) and (11.4), we find that
(11.5)

2Fy (%,%;1;2)=(1—2)‘% (Hﬁ)

1 5 2722 z -3
~af (Ti’ﬁ’ L sa—oe <(1—z)2+1) )

15 27221 - z)? )

1
3

IV R VAR (BT

Next, recall the well-known transformation [21, p. 111, eq. (2)],
1 5 1 5
(11’6) ZFI(Ea_éalaz)—2Fl(§’ﬁ31,4z(l—z))
for z in some neighborhood of the origin. Examining (11.5) and (11.6) in
relation to (11.2), we see that we want to solve the equation

272%(1 — z)?
4x(1-x) = 4(1 — z + z2)3°

Solving this quadratic equation in x and choosing that root which is near the
origin when z is close to 0, we find that

1 41— z4 223 - 272(1 - 2)2
x‘i(l'{ a1 -z+ 22 }
_1 1_(l+z)(2—52+222)
2 2(1 -z + 22)3 '

Thus, by (11.5)-(11.7), we have shown that

15 1, (1+2)@-5z+22)
2F‘(6’6"’2(‘ 21—z + )3 ))

=(1 —Z+22)_'4L 2F (

(11.7)

(11.8)
1 1
=(1——z+22)% 2 F (5’5; l;z).
Now set
_p2+p)
1+2p°
Then elementary calculations give
1 —_Z + 22 = (L-"M

(1+2p)?
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and
(1+2)(2-5z+222)  27p*(1 + p)?
2(1 — z 4 z2)3 2(1+p+p?)3

Using these calculations in (11.8), we deduce (11.2).

Lastly, a and B are monotonically increasing functions of p on [0, 1]
with a(0) = 0= $(0) and «(1) =1 = B(1). It follows that (11.2) is valid for
0<p<l.

Corollary 11.2. Let o and B be defined by (11.1). For 0 <p <1,
1
V1+2p,F (g,%;l;l—ﬂ)
11
=\/1+p+p22F| (5,5, 1, l—a).

(11.9)

Proof. From (11.1),

_1-p? _(1-p)(1+2p)’(2+p)?
(11.10) l-—a= 1520 and 1-p= 201+ )} .
(Recall that 1 — f was previously calculated in (5.35).) Setting

_p2
in (11.8), we complete the proof.

Theorem 11.3. Let o and B be defined by (11.1). If 0<p < 1, then
(11.11) d6 = 4s(B) = ¢*(a) 1= @°,

where q denotes the classical base.
Proof. Divide (11.9) by (11.2) to obtain the equality

2Fi(g, 3351, 1-8) _ 2Fi(3, 351, 1—0)
2Fi(t, 315 8) P35 1)

valid for 0 < p < 1. From (11.12) and (1.9), we immediately deduce (11.11).

(11.12)

From Theorem 11.1, we also can deduce that
V1+2p z(6; p):=+/1+2p z(6)=+1+p+p? z(2)
=V1+p+p?z(2;a)

Hence, from (11.1), (11.11), and (11.13), we derive the following principle.
Suppose that we have an equality

(11.13)

Q(q?, 2(2; a(p))) =0
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in the classical theory. Then in the theory of signature 6, we may deduce the
corresponding equality

5
Q (46, (122;) =6 ﬂ(p))) =0,

We now give some applications of this principle.

Theorem 11.4 (p. 262). We have

M(gs) = 2*(6).

Proof. By Entry 13(i) in Chapter 17 of Ramanujan’s second notebook [5, p.
126], (11.11), and (11.1),

M(gs) = M(¢*) = z*(1 —a +o?)
B p(2+p) P22+ p)?
“24(1' 1+2p T (1+2p)2)
3 1+p+p2\’
_24( 1+2p )
= z%(6),

by (11.13).
Theorem 11.5 (p. 262). We have

N(ge) = 28(6)(1 - 28).
Proof. By Entry 13(ii) in Chapter 17 [5, p. 126], (11.11), and (11.1),

N(g6) = N(¢*) = 28(1 + a)(1 - %a)(l - 2a)
=Z6(1+P(2+p)) (1 p(2+0p) ) (1_ 2p(2+p))

14+2p ~2(1+2p) 14+2p

,6(L+4p+p*)(2+2p — p*)(1 - 2p — 2p?)
2(1 + 2p)3
_ 621 +p+p?)° - 27p%(1 + p)’
2(1+2p)?
_ s +p+pH32(1 +p+p?)3 - 27p*(1 + p)?
7 (1+2p) 2(1+p + p?)3
= z%(6)(1 - 28),

by (11.13) and (11.1).
Theorem 11.6 (p. 262). We have

- %
i (-0 = V7@ (25527
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Proof. By Entry 12(iii) in Chapter 17 [5, p. 124], (11.11), (11.13), and (11.1),
4& f(~ds) = a2 f(=q*) = V22~ } {a(1 — @)} ™
_ \/—( 1+2p )*2_% (p(2+p) 1 —p2>_'17

1+p+p2 1+2p 1+2p

,—{p(l )(1+2p) 2+1))}‘2
2%

(1+p+p2)4
_ 5 (27700 (1= p)(1 + 20)2 4 p)? B \H
( +p+p2> 4(1+p+p2)3 ) (m)
B(1—B)\*
z<6)(W> ,

by (11.1) and (11.10).

12. AN IDENTITY FROM THE FIRST NOTEBOOK AND
FURTHER HYPERGEOMETRIC TRANSFORMATIONS

On page 96 in his first notebook, Ramanujan claims that

(12.1) ple™™m) = u\oFi(h, 1—h; 13 x),
where “ u can be expressed in radicals of x and 4 ” and where
_2F(h,1=h;1;1-X)
2R, 1=k 15 x)
It is unclear what Ramanujan precisely means by the phrase, “u can be ex-
pressed in radicals of x and 4 .” If Ramanujan means that x is contained in
some radical extension of the field Q(x, A), the field of rational functions in
x and A, then his statement is false for general 2. We now sketch a proof.
By Corollary (ii) in Section 2 of Chapter 17 in Ramanujan’s second notebook
[5, p.90],
(12.3)
exp(—ny/sin(nh)) = x exp(y (h) + w (1 — h) +2y)

y {1 + (2R —2h+ Dx+(1 —%(h—hz) 13(h h2)2) x2 } ,
where w(x) is the logarithmic derivative of the Gamma function. It should
be noted that for h =1, 3 , %, & the quantity exp(w(h) + y(1—h)+2y) isa
rational number. In fact, from Chapter 8 of Ramanujan’s second notebook [3,
p.192],

(12.2)

exp(2p (1) +27) = ¢
exp(y () + ¥(3) +29) = 5
exp(v(D) + () +2) = g5

and
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exp(y(3) + w(3)+27) = 735.

However, for 4 = % the quantity is transcendental, for [3, p.192],

GV
exp(w(}) + v (3) +27) = 572 (T“L) :
which is transcendental by the Gelfond-Schneider theorem. If Ramanujan’s
statement were true for general /4, this would imply that, for 4 = % , 4 could
be expressed in terms of radicals over some algebraic extension field of Q. Now
V2Fi(h, 1 —h; 1; x) and, by (12.3), (p(e_ﬁ#)) have Taylor expansions about
x = 0. Thus, (12.1) implies that u has a Taylor expansion about x = 0.
But since u can be expressed in terms of radicals in x, it follows that the
coefficients in the Taylor expansion of u are algebraic over Q. The function
V2Fi(h, 1 —h; 1; x) has the same property. Hence, by equating coefficients
on both sides of (12.1), we deduce that exp(w(}) + w(2) + 2y) is algebraic,
which is a contradiction. Hence, Ramanujan’s statement is false for general 4.

However, the statement is true if we restrict the valuesof A to 4,4, 1, 1.

Let u = u(x, h). By (1.15),
u (x, %) =1.

We now describe u(x, %) in terms of radicals in x. Recall that m = z,/z;.

Theorem 12.1. For 0 <x < 1,

1 2m3/4
12.4 ) I L —
(124) ”(x 3) Vm?+6m -3
where
and M is the root of the cubic equation
_27(M +2)?
T (M +6)3

that is greater then 6. More explicitly, M may be given as

_3 \/ 2 _ 1o
M_x( 8x2-36x+27+8i4/(1 —x)x
+\3/8x2—36x+27—8i\/(1—x)x3+3—2x).

To make explicit which cube root is taken, we rewrite (12.6) as
(12.7)

3 1 )
M= < (2 9 — 8x cos (3 arctan(84/(1 — x)x3, 8x* — 36x +27)> +3- Zx),

(12.6)
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where arctan(f, «) is that angle 6 such that —n < 6 < n and arg(a+if)=16.
Proof. By Lemma 2.9 and Theorem 2.10,

(M 1>= wf:@)

5

a3(q)’ 3
for 0 < g < 1. By Lemma 2.1,
A3 21(m+1)3(m?-1)

(12.8) YT BT  (mriem—3)p
and

3/4
(12.9) uix, hy=24) ___2m

Valg) Vmiyém-3’

which is (12.4). From (3.12), (3.15), and the definition of m, we observe that
m = m(q) maps the interval (0, 1) monotonically onto the interval (1, 3),

and if we view (12.8) as defining x interms of m, x = x(m) maps the interval
(1, 3) monotonically onto the interval (0, 1). We conclude that x = %
maps the interval (0, 1) monotonically onto itself. We see that equation (12.8)

is solvable by rewriting it as

_cAg)  2TM +2)?

(12.10) X = D) - I x(M),
where

m?+3
(12.11) M = e

In terms of g-series, M is the sum of two theta-products, namely,

m+3 _ ¢’ . yv(a)

m—1 ¢2q*) qy*(q®)’

by (1.17) and (2.13)-(2.15). Since 1 < m < 3, we see that M > 6. We may
solve the quadratic equation (12.11) for M. The solution is given above in
(12.5). We have taken the negative square root since 1 < m < 3. Since (12.10)

is a cubic equation in M, we may solve it in terms of radicals. Note that
x(-3)=x(6)=1, x(-2)=0, and

dx _ 27(M +2)(M - 6)
aMm ~ (M +6)

M=m+

Thus, x(M) decreases from 1 to 0 on (-3, —2), increases from 0 to 1 on
(=2, 6), and decreases from 1 to 0 on (6, oo). Therefore, if 0 < x < 1,
the equation (12.10) has three real roots, and each of the intervals (-3, -2),
(=2, 6), and (6, o) contains exactly one root. Since M > 6, we must take
M to be the largest of the roots. The solution is given in terms of radicals in
(12.6) above and more explicitly in (12.7).

For h = % , u has a particularly simple form.
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Theorem 12.2. For 0<x <1,

A\ 4

(12.12) ux, 1) = (L =x)"
4 2
Proof. With h =1, we recall that
(12.13) dr = 4,(x) = exp ((~=ny/sin(nh)) ,
where y is defined by (12.2). We shall prove that
8vay*(a*)9*(q) )

12.14 =4q.
(1219 o ((«»4( T ieayiay) )=

If 0<g<1, then
(12.15) q = exp(—nt)

for some unique ¢ > 0. Set

2
8vay*(a®)e*(a) )
12.16 X = .
(12.16 <¢“(q) + 16qy4(q?)
In view of (12.15), we consider x = x(¢) as a function of z. Define
(12.17) z(?) = 9*(q) + 16qy*(¢?).
Then, by Lemma 9.14,
(12.18) R4, 351 x(0) = Vz0).
We shall prove that
(12.19) x(2/t)=1-x(¢)
and
(12.20) z(2/t) = 2t2 z(t).

We first show that (12.19) and (12.20) imply (12.14). To that end, by (12.2),
(12.19), (12.18), and (12.20),

_ ZFI(}lia_; ,I—X(t))

1 3.71.
(12.21) 2Fiz, 5 1 x(0)
_ 2R, 3 5 xQ/) _ [z _
2Fl(%7 e 1; X(t)) Z(t) \/5.

Hence, by (12.13), (12.21), and (12.15),

qa(x (1)) = exp(-nV2y) = exp(—nt) = q,

which is (12.14). It remains to prove (12.19) and (12.20).
We shall need the transformation formulas [12, p. 40, egs. (2.3.1)-(2.3.2)]

(12.22) 2e MWy (e~ 2ty = \/1p(—e™™)
and
(12.23) p(e~™") = Vip(e ™).
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Thus, by (12.23), (12.22), (2.1), (9.31), and (9.25),
22/1) = 42 (04 (V@) + 9*(-VD))
42 (2(/)“(\/‘ (¢*(va) - 9*(~va)))
(a0 - 16,3v°)
2 (2(v@+ 4vavi@)

&I-—‘

=3 - 16\/5¢//2(q2)<02(q))
=i (¢ (q) + 16qy*(q )
= 322(1),

by (12.17). This proves (12.20).

Next, define

(12.24) w(1) == 64qy*(¢*)9*(q) = 64qy’(e™™),

by (9.25). Hence, by (12.16) and (12.17),

(12.25) x(1) = ;”2((’1))

Now, by (12.24), (12.22), and (2.1),
w(2/1) = §1*¢*(~q)
=4t (o%(a) - l6qt//“(qz))2
=3 (((o“(q) +16qp°(@)) - 64qw“(42)¢“(4)>
=1 (22 - w(0) |
by (12.17) and (12.24). Hence, by (12.25), (12.26), and (12.20),
x(2/1) = w(2/t) _ 22() —w(t)

z2(2/t) — Z(1)
which is (12.19).
Hence, from (12.1) and (12.14),

8vav(a)eXa) \* 1) _ ¢(q)
(12.27) ”((¢4(q)+16qv/4(q2)) ’4) T (p%(q) + 16qyt(g2)F
If we let

(12.26)

=1—X(l),

B _ 16qv*(q?)
a=olg)= 94(q)
then
_( 8/avia)eia) \© | 4a
(12.28) x‘<¢4(q>+16w4(q2)) = Tre?

and so, by (12.27),

(12.29) ,u<x,2>=(l+a)%.
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By (2.1) and (5.1),
(12.30) oo L60¥4@®) | eta) | (@:4D)%

via) et (oY
Thus, a(q) maps the unit interval (0, 1) monotonically onto itself. If we
define x as a function of a or g via (12.28), then x(a) and hence x(g) map

the unit interval (0, 1) monotonically onto itself. Hence, given 0 < x < 1,
o= 2-x-2v1-x
= - ,
since 0 < a < 1. An easy calculation gives
1 1+vVI-Xx
l+a 2 ’
and putting this in (12.29), we deduce (12.12).

We now relate u(x, ) in terms of radicals.
Theorem 12.3. If 0 < x < 1, then

#( 1)_\/m+ 1 -p?

x,-)=
6 V2(1+p+p?)i
where
(12.31) p= “l+Vitdy \,21+4y ,
and y is the root of the cubic equation
27yt
T 41+ )3’
which is between 0 and 2. Explicitly, y is given by
(12.32)
1 1 2n
= — [ 6v9 — - _ 3 2 _ _ =
Y=12% (6 9 — 8x cos (3 arctan(84/(1 — x)x3, 8x* — 36x + 27) 3 )

+9—-4x).

Proof. Let M(q) and N(gq) be the Eisenstein series defined at the beginning
of Section 4. Let

p*(—¢'72)
(12.33) y=7(q) = W)_’
and define
(12.34) p=p(@)=V1-y+y2-7.

We note that both y(q) and p(q) map the unit interval (0, 1) monotonically
onto itself. Recall from Entries 13(i),(ii) in Chapter 17 [5, p. 126] that

M(g*) = ¢3(q)(1 —a+a?)

and
N(g*) = ¢"(g)(1 + a)(1 = $a)(1 - 2a),



4238 B. C. BERNDT, S. BHARGAVA, AND F. G. GARVAN

where, by (5.18) and (5.19),

G
94(q)
Replace ¢ by /g, so that a is replaced by 1 — 7. We then deduce that
(12.35) M(q) = 9¥(@"*)(1 =7+
and
12( 4172
(12.36 Ng) = 29202~ D).
From (12.34),
_L1-p
(12.37) y = T2
so that
2
(12.38) N ek i
1+2p
It is interesting to note that, by (2.1),
16/qy*(q) _ _p(2+p)
(12.39) PP R A B Pl

which gives an identification for « in (11.1). Thus, by (12.34)-(12.38),

v Mi@-N@) _ (-2 -1 +7) +%

2M3(q) 4(1 —y+y2)32
_ 27p%(1 + p)?

T 41+ p+p2)3°

which gives an identification for f# in (11.1). Hence, from Theorem 11.1,
(12.40), (12.39), (12.38), (12.35), (5.18), and (5.19),
;11— r)

(12.41)
0¥ (Vq) = M(q).

(12.40)

N —

1 5. . Mig)-Nag)\ _ 1
2F14<3’3’1’W —(1—)’+V2)2F14<§,
_ M)

AN

We now prove that

Mi@) -N@)) _
2M3(q) ’

where ge(x) is defined by (12.13) or (1.9). It is well known that [38, Chapter

5] M(q) and N(q) (with g = exp(2zit)) are modular forms of weights 4 and

6, respectively, and multiplier system identically equal to 1 on the full modular
group. Hence, for Im (1) > 0,

(12.43) M(e‘hi/l) — T4M(62ni1)

(12.42) 2 (
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and

(12.44) N(e=2mi/7) = 1SN (7).
As in the previous proof, we set

(12.45) q = exp(—2nt)

for t > 0. Then (12.43) and (12.44) become
(12.46) M(e™ 2ty = M (e~ 2
and

(12.47) N(e 2"y = —tSN(e~ ™).
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With x defined by (12.40), we consider x as a function of ¢. Set z(¢) := M(q),

so that, from (12.46),

(12.48) z(1/t) = t*z(1),

and, from (12.41),

(12.49) WFi(L, 3515 x(0) = (z(0)t .
By (12.40), (12.46), and (12.47),

(12.50) x(1/t) =1 - x(¢).

Hence, from (12.2), (12.50), (12.49), and (12.48),
2Fi(d, 21, 1-x(1)
2Fi(}, 3515 x(0)
_ 2R, 35 Lx(1/y) _ (z(l/t))* _,
2Fi(}, 2515 x(8) (1) '
Therefore, by (12.13), (12.51), and (12.45),
96(x(1)) = exp(—2ny) = exp(—2nt) = q,

(12.51)

which is (12.42).
It follows from (12.42), (12.41), and (12.1) that

M#(q) - N(q) 1) v(@)

12.52 =) = Y

R g ( M@ ' 8) T )t
From Entry 25(vi) in Chapter 16 [5, p. 40],
1
V(@) = 5 (0@ + 0*(-a'?)
and so by (12.33),
p*q) _ 1
2207 =5 (1++7).

Hence, from (12.35) we find that

4
(12.53) M<q>=¢8<q)( ) (1—y+7).

2
1+7
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From (12.40), (12.52), (12.53), (12.37), and (12.38), we find that

1
1. plg) _ o
(X, '6')“ 1 24
(M(g)F  (1L=y+y?)s
VTFB VTP
© V2(L+p+pY)
as claimed.
We now rewrite (12.40) as
27y?
12.54 ey
(12.54) =X0) = 157
where
(12.55) y=p(l+p).

Since 0 < p <1, we have 0 < y < 2. Solving (12.55) for p, we deduce
(12.31). We have taken the positive square root since 0 < p < 1. Since
(12.54) is a cubic equation in y, we may solve it in terms of radicals. Note
that x(—1/4)=x(2)=1, x(0) =0, and

dx 27y(y — 2)

dy 41+~
Thus, x(y) decreases from 1 to 0 on (—1/4,0), increases from 0 to 1 on
(0, 2), and decreases from 1 to 0 on (2, co). Therefore, if 0 < x < 1,
the equation (12.54) has three real roots, and each of the intervals (—1/4, 0),
(0,2), and (2, co) contains exactly one root. We take y to be the unique
root that satisfies 0 < y < 2. The root y is given explicitly in (12.32) above.

Some consequences of our derivations of the values of u(x, h) are some
new hypergeometric transformations. From (2.13) and (2.14), we see that

_ 16qy4(g®) _ (m—1)(m+3)
(12.56) == = e

Hence, from (12.56), (12.30), (5.18), (5.19), (12.9), Lemma 2.6, and (12.8),
— 3 4/
2[‘](1,1.1.(”1 1)(m+3)>=2Fl(1 Loy X q))

2°2° 16m3 2°2° 9*(q)
4m3)?
12.57 =0¥(q) = —
( ) v(9) = e —3%)
_ 4m? F<1 2.1.27(m+1)3(m2—1))
T mitem—32"'\3"3" " (m2+6m-3)3

This transformation is remindful of Theorem 5.6 but is a different transforma-
tion. We have found a generalization of (12.57) via MAPLE, namely,

(12.58)
1 (m—1)(m+3)3
»Fy <3d 2d + - & d+ = o’

5.
6
3 4m3 1 5 27(m+1)3(m?— l))
’<m2+6m 3) b Zd’2d+§’d+6’ (m2+6m—3)p )
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We omit the details. We have also found a generalization of Theorem 5.6 via
MAPLE, viz.,

(12.59)
1 2.p3(2+p))
2F1<3d,d+§,2d+§,m
( 1+2p \¥ ( 1, 27p(1+p)2)
- (T agme) 2 (04 2w 533+ 3 Bt

We have investigated the connection between (12.57) and Theorem 5.6 and
found that (12.57) follows from Theorem 5.6 in the following way. Replace m
by 1+ 2p, so that (12.57) can be rewritten as
(12.60)
p(L L p@+p)\_ (+2p)f (1 2 27p(1+p)
@i\ 2’ "U+2p)3) 1+4p+p2 ¥'\3°3° "2(0+4p+p23 )"

Also, replace p by %ﬁ—fﬁ% — 1 in Theorem 6.1 to obtain the identity

2., 27p*(1 + p)
3’3 7222+ 2p-p?)3

12 27p%(1 +p)?
= -p? F( v ey

We now indicate the steps that lead from Theorem 5.6 to (12.60). First, apply
Entry 6(i) in Chapter 17 of the second notebook [5, p. 238], i.e.,

1 . p2+p)*Y _ 11 . p2+p)
2Fl(2 2,1,m = (1+2p) 2 F 2’2’1’1—+2—p— )

to the left side of (12.60). Secondly, apply Theorem 5.6. Thirdly, invoke
(12.61). Lastly, after employing Theorem 6.4, we deduce (12.60).
It is interesting to note that (12.61) and Theorem 5.6 give the transformation

11 p3(2+p)
_ p2 P A\eT P/
(2+2p p)2F1(2 2’1 1+2p )

_ 27p*(1+p)
-V (55 gy
We have found a generalization of (12.62) via MAPLE that is different from

(12.58) and (12.59), namely,
(12.63)

1 1_p3(2+p))
2 F (3d,2d+6,4d+3,w

[ 4(1+2p) \* ( 1. 1 27p4(1+p)>
_(——(2+2p_p2)2) 2 F 2d,2d+3,3d+§,—2(2+2p_p2)3 .

Using Theorems 4.2 and 4.3 in (12.41) and then employing Theorem 2.10,
we find that

2 I 5 1 (1-20x-8x2)
1 +8x F( 1 x >= FAl=,2:1;=— .
(8020303 e e 2T a0

2(1+p+p2)zF1<
(12.61)

(12.62)
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On replacing x by "28—“ we find that

(12.64)
l é M 2 .(X—l)(x+1)
2F'<6’6’1’ 1623 ) \/_2F1<§ 3’1’_8— '

We have found a generalization via MAPLE, namely,

— 3
JF, (d,d+§;d+%; S ass
(12.65) 1 X 5 l |
= x¥,F (Zd, 2d+3:d+ ¢ (L—_)éx_ﬂL_)>

Equation (12.64) has an elegant g-version; if we replace x by m in (12.64)
and use (12.56) and Lemma 5.5, we find that

40,2 Y P)
(1266) pla’)2hi (5. 301 P i@ (3. 315 - 520,

13. CONCLUDING REMARKS

It seems inconceivable that Ramanujan could have developed the theory of
signature 3 without being aware of the cubic theta function identity (2.5), and
in Lemma 2.1 and Theorem 2.2 we showed how (2.5) follows from results of
Ramanujan. Heng Huat Chan [19] has found a much shorter proof of (2.5)
based upon results found in Ramanujan’s notebooks.

H.M. Farkas and I. Kra [22, p. 124] have discovered two cubic theta—function
identities different from that found by the Borweins. Let w = exp(27i/6).
Then, in Ramanujan’s notation,

W1 (wgh, @g3) + £ (wa}, 0g}) = wf* (-4}, -43)
and
f? (wq%, G)q%) -r? (wq% : focﬁ) =g f*(wg, ).
Farkas and Kopeliovich [23] have generalized this to a p-th order identity.
Garvan [27] has recently found elementary proofs of the cubic identity and the
p-th order identities, and has found more general relations.

Almost all of the results on pages 257-262 in Ramanujan’s second notebook
devoted to his alternative theories are found in the first notebook, but they are
scattered. In particular, they can be found on pages 96, 162, 204, 210, 212, 214,
216, 218, 220, 242, 300, 301, 310, and 328 of the first notebook. Moreover,
Theorem 9.11 is only found in the first notebook.

In Section 8, we crucially used properties of b(z, q), atwo variable analogue
of b(q). The theory of two variable analogues of a(q), b(q), and c(q) has
been extensively developed by M. Hirschhorn, Garvan, and J.M. Borwein [31]
and by Bhargava [11].

Some of Ramanujan’s formulas for Eisenstein series in this paper were also
established by K. Venkatachaliengar [41].

In [26], one of us describes how the computer algebra package MAPLE was
used to understand, prove, and generalize some of the results in this paper.

Small portions of the material in this paper have been described in expository
lectures by Berndt [7] and Garvan [25].
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